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CORRADO GIN I 

Di una· formula comprensiva delle medie 

Distinguiamo anzitutto le infinite possibili medie di una 
serie m 

A) medie fermé, 
B) medie lasehe, 

secondo che il loro valore dipenda o meno da tutti i termini 
della serie. 

Le medie'lasche più spesso considerate nella statistica sono 
la mediana o valore centrale della serie, la moda o valore domi
nante, il valore divisorio, il valore pozi<?re, il valore centrale del 
campo di variazione (1) .. 

Le medie ferme possono suddividersi, a loro volta, in 
a) medie basali; 
b) medie esponenziali,' 
c) medie baso-esponenziali 

a seconda che, nelle formule analitiche che le esprimono, ì ter
mini dell~ serie figurano come basi o come esponenti o, ad un 
f •• ,p 
t€ìmpo, come basi e come esponenti. 

Delle medie baso-esponenziali (di cui, se non erro, si parla 
qui per la prima volta) avremo occasione di dare esempi nel 
corso di questa stessa nota (cfr. pagg. 5-6). 

(I) La differenza tra medie terme e medù lasche non corrisponde esa tta
mente alla differenza tra media anali#che e medie di posizione, in cui con 
medie anaUtiche si intendono le medie suscettibili di venire espresse me
diante Una formula analitica e con medie di posizione le medie che non sono 
suscettihiJ.i di tale espressione. Il valore centrale del campo di variazione, 
che è uguale alla semisomma dei valori estremi al e a .. e solo da questi di
pende, è una media lasca; ma è una media analitica, la cui semplice formula è 
al + a .. 
---...,.- . 

2 

J 
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Le medie esponenziali sono utili per alcuni problemi della 
matematica finanziaria, ma le medie ferme di gran lunga più 

. importanti per la statistica sono le medie basali. Rientrano in 
esse la media aritmetica, la geometrica, l'armonica, l'anti-armo
nica, la quadratica, la cubica, ecc. e per esse, è quindi partico
larmente desiderabile di possedere una formula generale quanto 
più possibile comprensiva. 

In questa nota mi propongo appunto di arrivare, mediante 
successive generalizzazioni, a unà formula compreRsiva delle medie 
ferme basali. 

ProfitterÒ dell'occasione per proporre una classificazione ra
zionale di tali medie. 

* * * .. 
Sia n~ il numero dei termini della serie; ai (i = I, 2, ... n) 

un termine generico della serie; p e q esponenti reali qualun-

que a cui si elevano i termini della serie; (~) [o rispettivamente (~)] 
il numero delle combinazioni degli n termini a: c a c .. (o rispet
tivamente a d a d). 

Fatte tutte,le possibili combinazioni degli n elementi al> a~, 
... , a,; a c a c, e numeratele, chiamiamo pC1 (ai) il prodotto dei 
termini della la. combinazione; pC2 (ai) il prodotto dei termini 
della seconda combinazione; ... e in generale pCI (ai) il prodotto 
dei termini della l-esima combinazione. 

.. (:) 
. L'espressione ~ PCI (ai) ci indicherà allora la somma degli 

1=1 

(ne) prodotti che si ottengono facendo tutte le possibili combi-

nazioni degli n elemel,1ti a c a c e moltiplicando tra loro i termini 
di ciascuna combinazione. Analogamente nel (caso che al posto 
di c vi sia d. 

* * * 
Prendiamo le mosse dalla nota formula generale 

p 

M'= V;~~~ (I) 
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che viene detta media di potenze, 0, come noi preferiamo, media 
potenzi~ta. 

Per p = -·1, I, 2, 3 ... ,MP si riduce rispettivamente alla 
media armonica, aritmetica, quadratica, cubica, mentre il suo 
valore tende alla media geometrica quando p tende a O (I). 

Un'altra formula generale conosciuta è la seguente 
c 

V 
I (~) 

Mc = _) ~ pCI (ai) 
(: 1=1 

che può chiamarsi media delle combinazioni dei termini o 
brevemente media combinatoria. Per c = n, essa si riduce 
media geometrica; per c = I, alla media aritmetica. 

Se nella media combinatoria si innalza ciascun termine 
potenza p, si ottiene la media combinatoria potenziata: 

che si riduce alla (i) per c = I, e alla (II) per p = I. 

(II) 

pitI 
alla 

alla 

(III) 

La (III), per p tendente a O, tende alla media geometrica (I). 
CiÒ ci porta a definire 

n 

(III') 

(I) Il DUNKEL (Gen.eralized geometrie means and al«ebraic equations. 
(, AnnaL" of Mathematic.s », VoI. lI, 1909-1910) ha dimostrato che 

V
x

- .. -- ~tI 
:E a.% ti 

, i=l' TI ai· 
hm -- = i=1 

x---+o n 

Usando il medesimo procedimento, cioè passando ai logaritmi e applicando 
la regola dell'Hospital, si ottiene 

n 

Vil (l" 

;=1 
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Nella (III) (e naturalmente anche nella (I) e nella (II), che 
della (III) non sono che casi particolari) i termini figurano solo 
al numeratore; sono, potremo dire, tutti allo stesso piano.Que
ste si diranno quindi medie monoplane, in contrapposto a quelle, 
più comprensive, di cui passiamo a parlare, in cui i termini figu
rano ad un tempo al numeratore e al denominatore, e che si 
diranno pertanto medie biPlane. 

Nella (I), (II), (III) il simbolo M sta appunto a significare 
che si tratta di medie monoplane. 

Generalizzando la (I) otteniamo la 

. -v p-q -1 aPi-

i:1 
P --

B q = . ~ aqi 
i:1 

che si dirà quindi media biplana potenziata. 

come anche 

e ancora 

e infine 

(IV) 



Nel èaso particolare q = 0, la (IV) si riduce alla media mono
plana potenziata (formula I). 

Nel caso particolare q = p - I, la (IV) si riduce alla nota 
formula generale 

n 

p ~ aPi 
BP-1 = _~i=l ___ _ 

n 
(IV') 

~ a/-1 

;=1 

detta media di somme di potenze: che, per p = o, I, 2, dà rispet
tivamente la media armonica, aritmetica, antiarmonica. 

La (IV), per p tendente a q e ai sempre positiva, tende al 
limite (vedi nota a pago 5 e 6) 

n 
:s a·q 

i=l ' 

V"-aq • 
I1 ai i 
;=1 

Ciò ci porta a definire 

che ci darà l'espressione della media biplana equipotenziata. 
La (V) per p = O si riduce alla media geometrica. 
Generalizzando la (II), si ottiene la 

c-d 

che rappresenterà la media biplana combinatoria. 

(V) 

(VI) 

Per c = n, d = n - I, essa si riduce alla media armonica. 
Per d = 0, essa si riduce alla media monoplana combinatoria 
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(formula II) In quanto si possono porre (I) le convenziòni 

( ) 

I m 
~ = I (;) l~l pOI (ai) I. 

Se nella (VI) si eleva ciascun termine alla potenza p, SI ot
tiene la media biplana combinatoria equipotenziata 

(VII) 

Per p = I, la (VII) si riduce alla (VI). 
Per d = 0, si ricade nella media monoplana combinatoria po

tenziata [formula (III)] in base alla convenzione (2) di cui 
in nota (I). 

(I) La convenzione (~) 
stificare la convenzione 

I è già introdotta, come è ben noto. Per giu-

(I) 

si può osservare che, se pdI , pd2 ,. • Pd(~) (per O < d~.n) hanno il 

significato dato a pago 2, si ha che gli (;) numeri Fdl , pd2 , ••• pd(~) 

si ottengono, a meno dell'ordine, dividendo il prodotto di tutti gli ai cioè 

Pu l' ( n) (n) . pU -~d pn -d pn-d S l' 
l, per g l n _ d = d numen l , 2 ,... (U~d)' e vog lamo 

far sì che tale proprietà valga anche per d = O, dobbiamo definire come 
unico pOI il rapporto tra pUI e pUI stesso, cioè pOI = 1. D'onde la conven
zione (I). 

La convenzione (I) si generalizza mediante la (2) 

(2) 

considerando come termine generico aPi, anzichè ai. 
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Per p tendente a 0, la (VII) tende alla media geometrica (vedi 
nota a pagg. 5-6). Ciò ci porta a definire 

n 

B~ ~ = v'i~l ai 
(VII') 

D'altra parte, se nella (IV) i termini si combinano a c a c 
sia al numeratore che al denominatore, si ottiene la media bi
plana equicombinatoria potenziata, data dalla formula 

cp 
Bcq _ 

C(p-q)I~ ___ _ 

(:) 
~ pez (al) 

1=1 

(;) 
~ PCz (aiq) 

1=1 

Per c = I, essa si riduce alla (IV). 

(VIII) 

La (VIII), per p tendente a q e ai sempre positivo, tende 
(vedi nota a pagg. 5-6) a 

c[(~ pel (a;q)J 
1= 1t-,----'''--__ 

(;) [pel (aiq)] 
il [pCI (ai)] = 

1=1 

Ciò ci porta a definire 

che ci darà l'espressione della media biplana equicomb1:natoria 
equipotenz1:ata. 
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c P dp 

Infine, la media geometrica ponderata delle B dP e B dq
, in C111 

cp dp 

si dia a B dP un pesougualea(c-d) p, e a Bdq un peso eguale a cl (P-q; 
dà la media biplana combinatoria potenziata, la cui formula è 

pc- dq 

/-----~_.-

B~~ =l! .(~))),~P" la,') (X) 

V ~ Fai (ai q) 

. t. 1= l 

Alla stessa formula si perviene facendo la media geometrica 
c p c q 

ponderata di B cq e di B dq
, a cui si· diano rispettivamente pesI 

c (P - q) e (c - d) q. 
La (X) rappresenta la formula comprensiva per le medie 

ferme basali a cui siano pervenuti (I). 
Per c = d, la (X) si riduce alla (VIII) ; per p = q, SI riduce 

alla (VII); per q = O o d = O si riduce alla (III). 
Per farci un'idea della generalità della (X), si noti che la 

media di potenze, la media di somme di potenze e la media com
binatoria monoplana costituiscono le formule generali più com
prensive finora proposte per le medie ferme basali (2). Ora le due 

(I) Sarebbe facile generalizZare ulteriormente la (X), per esempio consi
derando, in luogo dei termini, certe "loro funzioni che in casi particolari si 
riducono ai termini stessi. Ritengo però inutile procedere a tali ulteriori 
generalizzazioni, poichè la (X) già comprende, se non erro, tutte le medie 
ferme basa li che sono note e che si possono usare utilmente nei casi pra tici. 

(2) Prescindia mo dalle form ule gener~li delle medie, proposte da 
alcuni matematici, che lasciano indeterminata la funzione ed hanno per
tanto un valore puramente teorico. Tale è, per esempio la formula 

f (I;) = L: Pi.1 (ai) 
L: Pi 

che trovo in BONFERRONI (Elementi di statistica generale, Anno accademico 
193 2 -33, Bari. R. Istituto Superiore di Scienze Economiche. Torino, Lito
grafia Gili, 1933, pago 30), e DARMOIS (Statistique mathématique, Paris, Doin, 
1928, pago 3 I), o quella che ricorre nella seguente definizione del CHISINI 
(Sul concetto di media. «Periodico di Matematica» 1929, n.'2, pago 108): 

« Data una funzione 
:li = .1 (xl, , X2 , ••• , Xn) 

Xl' X 2,· .... , Xn rappresentando grandezze omogenee, dicesi « media» 
delle Xl' %2'" ., Xn rispetto all;J. funzione .1 quel numero M che soddisfa 
alla relazione . 

f (M , 1\1 ... M) = f (Xl , x~ , ... , Xn) l). 

&~ij 

t~ll)f 
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prime non sono che due casi particolari della (IV) e la terza non è 
che un caso particolare della (VI), r-n"entre la (IV) e la (VI) rap
presentano, a loro volta, due casi particolari della (VIII), la quale 
infine non è che un caso particolare della (X). 

* * * 
Mentre tutte le formule precedenti, quando i termini sono 

positivi (1), sono vere medie nel senso che non sono mai infe
riori al termine minimo nè superiori al termine massimo, ciò 
non è sempre vero per la (X). Condizione sufficiente per che lo 
sia è che i due pesi (c-d) p e d (P-q), oppure (c-d) q e c (P-q) 
non abbiano segno contrario (2). 

Questa condizione naturalmente non è sempre soddisfatta; 
per esempio, non lo è, per n> 2, quando sia c = n, d = I, P = 2/n, 
q=I. 

In tal caso la (X) diviene 
n 

n n 
;=1 

;=1 

dove G indica la media geometrica ed A la media aritmetica. 
:J?; questa una nota. espressione che costituisce una genera

lizzazione (come vedremo, non corretta) della media armonica 
fra due termini al e az data dalla formula 

H = ~2 al a~ 
al + a2 

Quest'ultima formula può, invero, generalizzarsi per un nu
mero qualunque di termini, in più modi. 

Uno di questi dà luogo alla espressione 

HI= ~~n __ 
n I 
~ ~-
i=1 ai 

(I) Quando qualcuno degli a, è negativo, le formule da (I) a (X) tal
volta perdono di significato; talvolta, pur avendo significato, non sono 
vere medie. Inoltre, come fu notato, la dimostrazione della (V) e della (IX) 
vaJe solo nel caso di ai sempre positivo. 

(2) La (X) non ha più significato quando p c - q d = O. Essa, al tendere 

di p a q d , tende a + 00, o a O, a seconda che 1'espressione sotto il segr:.o di 
c 

radice tende a un valore > I () < l. 
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a cui si è convenuto di conservare la denominazione di media 
armonica. 

Un'altra generalizzazione, che conduce appunto alla pre-
cedente espressione HII, si è ottenuta in base alla proprietà della , 
media armonica di due termini di essere terza proporzionale 
tra la media aritmetica e la media geometrica. 

Il Messedaglia riteneva che 'questa seconda generalizza
zione « corrisponderebbe pur sempre ad un vero e proprio valor 
medio» (I). Ma in questo caso il nostro autore, di consueto preci
sissimo, era effettivamente inesatto. E facile, invero, fornire esempi 
in cui l'espressione considerata porta a valori inferiori al ter
mine minimo. Così, nella serie di tre termini: I, I, 64, in cui risulta 

HlI = _16 < I, b nell'altra: I, 2, lOS, per cui è HII= 3
6 < lo 

22 37 
Effettivamente la condizione che c (P - q) e (c - d) q non siano 
di segno contrario non si verifica per HII, in quanto è (P - q) c 
= 2 - n e (c - d) q = n - I, e, mentre è sempre n - I >- O, è, 
per n> 2, 2 -n < O . E similmente sono di segno contrario d (P -q) 

e (c-d)q, inquantoèd(p-q) = ~-Ie(c-d)p =(n-I)~, 
n n 

e, mentre è sempre (n- I) ~ > O, è, per n> 2, ~ - 1<0. 
n n -

In realtà la generalizzazione corretta, per n termini, della 
H non è rappresentata dalla 

ma dalla 

" Gn--1 
HIII= -1-

An-1 

che è un caso particolare della (VI) per c = n, d = L 

Altra generalizzazione corretta, per n termini, della H è data 
dalla 

HIv= al a2 + al as + ... + al an + a2 as + ... + an-l a n 

n (n - I) A 

che è un altro caso particolare della (VI) per c = 2, d = I. 

Tanto la HIlI che la HIV si riducono alla H per n = 2. 

(I) Il calcolo dei valori medi e le sue applicazioni statistiche. « Biblio
teca dell'Economista» Serie V, VoI. XIX, pago 227. 
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* * * 
Un esempio numerico varrà a mettere in luce le proprietà 

che presentano alcune delle medie sopra indicate e ad indirizzare 
le ricerche atte a scoprire quelle delle altre medie. 

Sia la serie di cinque termini 1,2, IO, 20, 100. 

La Tavola I dà i valori delle medie monoplane combinatorie 
potenziate MC'P (formula III) per tutti i valori di c da c = I a 
c = 5 e per i valori di p da p = - 4 a P = 4 (I). 

~er p = O, si applica la (III') ed Mcp risulta allora uguale, 
qualunque sia c, alla media geometrica. Mc'P risulta purè uguale 
alla media geometrica, in base alla (III) qualunque sia p,quando 
sia c = n (nel caso nostro c = 5). 

T A VOLA 1. c p ,-._--,--:--__ _ 
/ (~ ) 

Medie monoplane combinatorie potenziate MCP = V( -~- 1: pCz (al'>;) 
;)/=1 

====~=====-===~==~==~====T===~====~===-==F===~==~=7===== 

~= -4 -3 --2 -I I ° l Il 

c=~ 1 

2 3 4 

i l' I I I I 
__ 1 __ 1_1 ,17_

1

_1,64 __ 1~9 1_~I_X'331 26,60 ~~~R_3_ 58 ,65 ~6,C)0 
z I 1,88 2,°7 2,48 3,66 8,)3 18,95 26,71 31 ,08 33,79 

--- ---1-- --1--1-- --------
___ 3 __ ,~1_ 3,46 ~ ~ _~33 14,40 18,68 21,04 22,.p 

4 4.951 S,II 5,43, 6,23 8,)3 10,73 II,9l 12,49 12,8, 

---5 -T--;,;r~I~;-r-;:~I~~~ ~1~,--;'33 
Dalla Tavola I si rileva anche che, per c < n, MCP, a parità 

di c, cresce col crescere di p e che, per p =/= O, MCP, a parità di p, 
cresce col crescere di c per p <: O e invece diminuisce col cre
scere di c per p > O. 

Queste proprietà hanno carattere generale e si possono dimo
strare teoricamente (2). 

'. 
(I) I calcoli per questa tavola e le successive furono eseguiti dal dotto Al-

berto Fenici. 
(2) Il DUNKEL (art. cit.) aveva già dimostrato che Mcp cresce per 

c = 1 col crescere di p e diminuisce per p = I col crescere di c, 
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La Tavola I si può dividere in due parti, secondo che è P ::z o. 
N ella parte destra in cui è P> O, i valori situati sulle diagonali 
ascendenti, crescono; ciò significa che Mcp per p + c = costante 
diminuisce col crescere di p e col diminuire di c. Nella parte sini
stra della tavola, invece, in cui p < O, crescono i valori situati 
sulle diagonali discendenti: ciò significa che Mcp cresce per 
p - c = costante col crescere di p e di c. Queste proprietà discen
dono immediatamente dalle precedenti, ed hanno pertanto esse 
pure carattere generale. 

Non sempre, invece, diminuiscono per p> O i valori calcolati 
sulle diagonali discendenti che corrispondono a valori costanti 
di p - c, nèsempre diminuiscono per p < O i valori calcolati sulle 
diagonali ascendenti che corrispondono, a valori costanti di p + c. 

* * * 
Nella Tavola II sono indicati i valori delle medie biplane po

p 

tenziate B q 
, secondo la formula (IV) per i valori di p da p = - 4 

a p = 4 e per i valori di q pure da q = - 4 a q = 4· 
Per p = q, si applica 'la (V) che dà la media biplana equipo-

tenziata. 
p 

La tavola m'Ostra che Bq cresce a parità di p col crescere di q 
e, analogamente, a parità di q col crescere di p. 

p 

Restando costante p - q, B q cresce col crescere di p; cre
scono pertanto, nella tavola, i valori situati sulle diagonali discen
denti. Questa proprietà discende immediatamente dalle precedenti. 

p 

I valori di B q sono simmetrici rispetto p e q. Essendo p + q 
p 

costante e non positivo, B q
, al crescere di p, diminuisce per p non 

positivo e, al contrario, cresce per p non negativo. Essendo, invece, 
p 

p + q costante e positivo, Bq , al crescere di p, cresce per p non po
sitivo e, al contrario, diminuisce per p non negativo. Tale compor
tamento si rileva esaminando i valori situati sulle diagonali 
ascendenti. 

La Tavola II può considerarsi come divisa in due settori 
simili dalla diagonale discendente massima che corrisponde alle 
coppie di valori p = q. Nel settore superiore è p> q e in quello 
inferiore, invece, p < q. In ogni settore, diremo diagonale discendente 
base la diagonale discendente prossima alla massima, per cui è, nel 
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TAVOLA II. 

M edia biPlane potenziate 

~I, = '~4 ~ 3 ~ 2 1 __ I I ° l Z 3 -II 4 

q=~----~--~--~--~,--~--~--~~---
-4 I 

i i ! i I 

1,04 1,06 1,09111161 1,47! 2, 62 1 4,6317,14 9,<)3 

~ 3 I I ,06 ~ I '081~1-- I,~-I i-I ,64 --~,30-i' 6,22 l 9,82 13,64 

-----2--11-~-,0-9 --~II~~I-~-;I-l ,99 l 4,7~~~; ~ 20,7~ 
----'----I---~ I , 

- I 1,16 1,21 i I,3 I l,59 3,01 l' 8,95 I8,50 27,92 35,99 
----- ---- ----1--- --- ---- --- --- --- -------

° 1,47 1,64' 1,99 3,01 8,33 26,60 45'84158'65 66,90 

------',6', ~:,;, ~:7-=-1-8,951 ,6,60 69,'31 7S ,9'] 187'10 1-;o,98 

__ 2__ 4,63-1 6 ,u I 9,45 I ,8,,,,-1-45 ,-8;1 78 ,'l<J I ,,' ,83 96,95 I 97,6, 

3 7,14 9,82115,15127,92 58,65 87,10 96'°5198,50 99,28 

--4--1~ 13:6~-i-~~~'7~-I~ --;;:;:-;::;; ~I~I 99,7~ 

settore superiore, p --- q = I c, nel settore inferiore, q - p = 1. Ora 
p 

tutti i valori di Bq situati sulle altre diagonali del settore si possono 
ottenere mediante medie geometriche dai valori consecutivi situati 
sulla rispettiva diagonale base. E precisamente, se si prende una 
serie di m valori consecutivi situati sulla diagonale base, la loro 
media geometrica si. trova, nella tavola, al punto di incrocio tra la 
colonna che finisce ad un estremo della serie considerata di m va
lori e la linea che finisce all'altro estremo di detta serie. Per esem
pio, la-media geometrica dei due primi valori della diagonale base, 
1,06 e ,I,12 è 1,09; la media geometrica dei tre successivi valori 
situàti su detta diagonale 1,31, 3,01 e 26,60 è 4,72; la media geo
metrica di tutti i cinque valori anzi detti è 2,62 e, infine, la media 
geometrica di tutti gli otto valori situati sulla diagonale base è 9,93. 



Le anzidette proprietà hanno carattere generale e si possono 
dimostrare teoricamente. 

* * * 
La Tavola III dà i valori delle medie biplane combinatorie se

condo la formula (VI). 
Per c = d 'la formula non ha valore determinato. 

TAVOLA III. 

c 

Medie biplane combinatorie B d
= 

.~ o I 2 3 4 5 
c= 

o 26,60 18,95 14,4° 10,73 8.33 
-

I 26,60 I3,50 10,60 7,93 6,23 

2 18,95 13,5° 8,31 6,08 4,81 

3 14,4° 10,60 8,31 4,45 3,66 

4 10,73 7,93 6,08 4,45 3,01 

5 8,33 6,23 4,81 3,66 3,01 

c 

Dalla tavola si. rileva che B d diminuisce a parità di c col cre
scere di d e, similmente, dJminuisce a parità di d col crescere di c. 

I valori situati sulle diagonali discendenti, corrispondenti a 
coppie di val0ri c e d per cui resta costante la differenza c - d, 
diminuiscono progressivamente, proprietà che discende· dalle 
preceden ti. 

c 

I valori di B d sono simmetrici rispetto a c e d. La tavola si 
può pertanto dividere in due settori simili, secondo che è d > c 
(s~ttore superiore) e d < c (settore inferiore). Nel settore superiore, 
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i valori situati sulle diagonali ascendenti, che corrispondono a va
lori di c e d per cui è c + d = costante, crescono per c + d = <:: 5 
e diminuiscono, invece, per i valori di c + d> 5. TI contrario av
viene nel settore inferiore. 

Anche in questa tavola, come nella precedente, chiameremo 
diagonale discendente base nel settore superiore quella per cui è 
d-c = I o nel settore inferiore quella per cui è c - d = 1. 

E anche in questa tavola si rileva che i valori situati sulle altre 
diagonali si possono ottenere mediante medie geometriche dai 
valori consecutivi sÌtuati sulla diagonale base del settore. Ad 
esempio, la media geometrica di tutti i cinque valori situati sulla 
diagonale base è 8,33, valore che si trova all'angolo inferiore e 
all'angolo superiore della tavola. 

Le proprietà anzidette hanno valore generale e si possono di
mostrare teoricamente. 

c 

Si avverta come i valori di B d per d = 5, contenuti nell'ultima 
colonna e quelli per c = 5 contenuti nell'ultima linea della tavola, 
ript;oducano, in ordine inverso, i valori delle medie monoplane 
combinatorie potenziate che si ottengono facendo p = - I e che 
sono indicati nella linea 4a della Tavola L Ciò dipende dal fatto 
che è 

( n) " . II (ai) 
n - C, i=l 

come si desume dalle osservazioni contenute nella nota (I) a pago 6. 

* * * 
Passiamo a considerare i valori delle medie biplane combina

torie equipotenziate, secondo la formula (VII). 
Per p = 0, si applica la formula (VII') che è in ogni caso uguale 

alla media geometrica. 
Se si tiene fermo p e si fanno variare c e d, si rientra nel caso 

precedepte, potendosi considerare (ai)P come termine generico di 
una nuova serie. 

cp 

Teniamo invece fermo d e vediamo come varii B dP al variare 
di p e di c. I risultati sono esposti nella Tavola IV per d = I e 

2 
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cp 

Medie biPlane combinatorie equipotenziate B dP = 

TAVOLA IV. 
d=l 

~ -3 -2 -l ° I -4 
c= 

I 
o 1,47 1,64 1,99 

~ ... ~I~~ 26,60 

2 2,41 2,62 3,08 4,44 8,33 13,5° 
------ ----

3 4,88 5,01 5,31 6,08 8,33 10,61 
---"-------

4 7,4° 7,46 7,59 7,94 8,33 7,94 
------ --- ---

5 12,84 12,49 II,94 I 10,73 8,33 6,23 

TAVOLA V. 

-3 -2 -I ° 

(c -"d)/P ... _--;-: __ ~_ 

(")' 
(;) 1~1 pCI (a/) 

(") 
(n) ~ pà1 (a/) 
c 1=1 

= 

2 3 4 

45,83 58 ,65 66,9<' 

15,56 16,47 17,06 
----- --
11,92 12,60 12,96 
-- -- --

7,59 7,46 .7,4° 
------

5,441 5,11 4,94 

2 3 4 

(I) Per d = 3 , c = 2 e p -:-j + ~:~ 
c = 2 e p 1\+ 0·333 è B~~ = 8 24. 

cp 
è Bdp = 8,18; per d = 3, 

- 0·333 ' 
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nella Tavola V per d = 3 (Analoghi sarebbero i risultati tenendo 
cp 

fermo c e facendo variare p e d, poichè i valori di BdP sono sim
metrici rispetto a c e d). 

Seguendo i valori situati sulla stessa colonna, si vede che, nelle 
cp 

due tavole, a parità di p, i valori di BdP crescono con c per p< 0, 
restano costanti (uguali alla media geometrica) per p = 0, di
minuiscono per p > O. 

Seguendo i valori delle diagonali, si rileva che, nella parte si
nistra delle tavole, per cui è p < O, i valori crescono lungo le dia
gonali discendenti e diminuiscono lungo le diagonali ascendenti; 
mentre il contrario avviene nella parte destra per cui è p> o. 

t!; probabile che tali proprietà abbiano carattere generale. 
cp 

Più complicate sono le leggi che regolano il variare di BdP, 

a parità di d e c, col variare di p. 
cp 

Per d = I, i valori di B dP crescono con p per c = O, c = 2, 

C = 3 ; diminuiscono per c = 5; prima crescono e poi diminui
scono per c = 4, restando simmetrici rispetto al valore centrale 
corrispondente a p = o. 

cp 

Per d = 3, invece, i valori di B dP crescono con p per c = O 
e c = I ; diminuiscono per c = 4 e c = 5 ; prima diminuisèono 
e poi crescono per diminuire di nuovo e poi crescere p~r c = 2, 

restando anche- in questo caso simmetrici rispetto al valore centrale 
corrispondente a p = o. . 

In entrambi i casi, l'andamento simmetrico si verifica nella 
colonna per cui è d + c = 5. 

* * * 
Passiamo a considerare le medie biplane equicombinatorie 

potenziate secondo la formula (VIII). 
Per p = q si applica la formula (IX) della media biplana equi

com bina toria equipotenzia ta. 
Se teniamo fermo c e facciamo variare p e q, si rientra nel 

caso della media biplana potenziata, perchè ogni prodotto pCI (al) 
= [PCI (ai)JP può considerarsi come la potenza pma del termine ge
nerico PCI (ai) di una nuova serie. 

Teniamo quindi fermo q faceJ;ldo variare p e c (Agli stessi ri-
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cp 

Medie biplane equicombinatorie potenziate Bcq= 

TAVOLA VI. 

q=-I 

(~) 
L Fez (ai q ) 

=1 

~~~~========================~====~~~====~====~==~==== 

~~= - 4 - 3 -~ 2 1-- I ° l li 2 3 4 

C = ~ I I 

2 l,51 l,56 1,68 2,05 3,66 8,33 13,77 18,21 21,66 

4 4,58 4,63 4,74 4,99 6,23 8,17 9,59 10,50 II,11 
----11--- --~ --- ---- ---1---- ~---- ---

5 8,33 8,33 8d3 8,33 8,331 8,33 8,33 8,]3 8,33 

TAVOLA . VII. 

q=l 
.~ c ~ -

I i 

~ I 

I 
-4 -3 -2 -I ° I 2 3 4 

C = I 

I 

I 2,62 3,30 4,72 8,95 26,60 Go,I3 78 ,98 87,10 9°,98 
~-- --- --- --- --- --- --- --- ~---

2 2,99 3,60 4,88 8,33 18,95 32 >37 37,65 39,80 4°,97 
------ --- --- --- --- --- --- -~---

3 4,4° 4,94 5,95 8,32 14,4° 21,79 24,23 25,43 25,96 
----o --- --- --- -- ------ -_._- ---

4 5,77 6,15 6,81 ,8,17 IO, 73 12,62 13,20 13,27 13,62 

--- ------ --- --- --- --- ---

.'5 8,33 8,33 8,33 8,33 8>33 8>33 8.33 8>33 8·33 
~ 
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sultati si perviene tenendo fermo p e facendo variare q e c, perchè 
cp 

il valore di Bcq è simmetrico rispetto a p e q). 
cp 

Le due Tavole VI e VII contengono i valori di Bcq per q = I 

e q = - I quando c assume i valori da I a 5 e P i valori da - 4 a 4. 
L'esame delle linee delle due tavole mostra che, a parità di 

cp 

p e q, B
cq cresce col crescere di p per i valori di c da I a 4 e resta 

costante (uguale alla media geometrica) per c = 5. 
L'esame delle colonne della Tavola VI mostra che, per q = I, 

cp 

Bcq cresce, al. crescere di c, per P =~4, P =- 3, P =-2, P =- I 

e p = O ; diminuisce per p = 2, P = 3, P = 4, e presenta un anda
mento irregolare per p = I. 

I risultati contenuti nella Tavola VII sono analoghi, con la 
differenza che qui la colonna dei valori irregolari corrisponde a 

ep 

p = - 1. Nelle colonne a destra di questa, i valori di Beq diminui
scono al crescere di c; nelle colonne a sinistra, crescono. 

L'esame delle diagonali ascendenti e discendenti mostra un 
andamento dei valori diverso nella Tavola VI e nella VII e, in cia
scuna di esse, non uniforme per tutte le diagonali. 

ep 

Le leggi di variazione dei valori di Be q al variare di c, di p e di q 
sono evidentemente complicate: meriterebbero uno studio teo
rico a sè. 

* * * 
La Tavola VIII, infine, dà i valori per le medie biplane com

binatorie potenziate, secondo la formula (X). per p = 2, q = I, 

quando c'e d assumono ciascuno i valori da I a 5. 
cp 

La condizione di sufficienza perchè Bdq sia una vera media 
(cfr. pago 9) si verifica quando sia d <:: c, vale a dire, nel settore 
della tavola posto al di sotto della linea in grassetto. In tale set-

ep 

tore, i valori di Bdq diminuiscono, lungo la stessa colonna, a parità 
di d, col crescere di c; crescono, col crescere di c, lungo le diago
nali ascendenti per cui è c + d = costante e diminuiscono lungo 
le diagonali discendenti per cui è c - d = costante; sono irre
golari lungo talune linee, e cioè, quando d varia, a parità di c, Il 
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TAVOLA VIII. 

M edie biPlane combinatorie potenziate 

P=2 q=1 
-

~ I 2 ::\ 4 5 
c= 

00 (1)1 

. 
I 78,98 + 1,42 2,51 2,67 

2 26,75 37,65 17°,54 + 00 (1) 0,°79 

3 13,92 18,54 24,24 56 ,59 1063,11 

4 10,61 10,20 10,62 13,21 ~ 
5 7.33 6,78 6,58 7,89 I 8,33 

(I) Cfr. nota (2) a pago II. 

fatto che i valori decrescono regolarmente lungo le colonne e ri
sultano irregolari lungo le linee, fa pensare che anche le regolarità 
riscontrate in questo settore possano non verificarsi per altri va-
lori di p e di q. . 

N elI' altro settore della tavola, per cui è d ~ c, i valori presen
tano la maggiore irregolarità. Per quanto per essi non si verifichi 
la condizione sufficiente di internalità, 5 di essi sono tuttavia in
terni ai limiti estremi della serie (1 e 100) e 5, invece, sono 
esterni, 4 superando il massimo ed uno restando inferiore al minimo. 

cp 

La complicatezza delle leggi che regolano il variare di Bdq 

al variare di p, q, c, e d, ha consigliato a non dilungarci in questa 
nota sulle applicazioni numeriche della formula (X) che merita 
uno studio a parte. 



RENZO CISBANI 

Contributi alla teoria delle medie 

Sotto questo titolo, ho riunito alcune note relative ad argo
menti disparati appartenenti al vasto campo delle medie. Esse 
sono state stese per risolvere alcune questioni particolari S1.1 cui 
ha richiamato la mia attenzione il Prof. Gini in occasione di 
di una trattazione sistematica di tale materia che è in corso. 

In quest-o numero della rivista compaiono le prime due note: 

I. - Di alcune medie continue; 
II. - Dete1!minazione univoca della mediana nelle serie cicliche. 

l. - Di alcune medie continue. 
SOMMARIO. - L. Galvani ha esteso al continuo una formula del 

Dunkel, esprimente una media in senso generale di n quantità discrete ai. 
Qui si determina una formula più generale per quella media continua, nella 
distribuzione dei valori della quale è immersa la distribuzione, dei valori 
di quella data dal Galvani. Infine si studiano alcune interessanti èd ele
mentari proprietà di quella distribuzione. 

POSIZIONE DEL PROBLEMA. 

§ 1. Dunkel (1) ha proposto quale « media generalizzata» 
delle quantità (discrete) : 

la funzione continua per qualunque valore dell'argomento x 
, l 

~ Yn (x) = [~ :'1; per x,* O 

~ Yn (x) = Val .. a9 ... an . per x =0 

(I) DUNKEL, Generalized geometrie means and algebraie equations. 
«A;nnals of Mathematics >l, 19°9-1910. 
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La funzione Yn (x) gode infatti delle seguenti proprietà, che 
giustificano la proposta ora fatta: 

a) per ogni sistema di numeri ai, è funzione simmetrica 
di essi; 

b) ha valori sempre compresi fra i due limiti: 

a = m i n (ai) b = m a x (ai) 

c) rappresenta le medie analitiche usualmente impiegate, 
per determinati valori dell'argomento; p. e. per x = - I, X . 0, 
x = I, X = 2, rappresenta le ordinarie medie armonica, geome
trica, aritmetica, quadratica; 

d) e
, 

sempre: 

lim Yn (x) = a ; Hm Yn (x) = b 
n =-00 n= +:» 

L. Galvani (2) estende tale concetto di « media generalizzata» 
al caso di una totalità di numeri reali compresi fra i limiti, a, b; 
ed ottiene come espressione di essa la formula: 

J 1 

, Y (x) = [(Xb~ ~)(:: laJz per x *' O , - I 

y (x) b-a 
logb-loga 

per x = - I 

bb 1 

Y (x) = + [aa-]b-a per x = O 

La media ora definita gode d@lle proprietà analoghe alle a), 
b), c), d), e per ... x = - I , X = O ,x = I , ... , dà le corrispon-
denti delle medie ... , armonica, geometrica, aritmetica ... , che 
risultano espresse rispettivamente dalle formule: 

b 1 
b - a I [b lb-a b + a * 

... 'l b l ,- -J ' -- , ... ( ) og - oga e aa. 2 

L'estensione di L. Galvani non conduce però ad un risultato 
del tutto generale: vedremo infatti come una più completa esten
sione al caso continuo del concetto di « media generalizzata» del 
Dunkel porta a definire una media in senso generale della varia
bile continua t in (a, b), che contiene;. come caso particolare la 

(2) L. GALVANI, Dei limiti a cui tendono alcune medie. (' Boll. Un. 
Mat. Italiana », 1927. 



, 
media di Galvani, e nella distribuzione dei valori della quale, la 
distribuzione dei valori (*) della y risulta immersa. 

Il motivo di ciò è da ricercarsi nel fatto che L. Galvani ha 
determinato la forma della sua media continua passando al limite 
a partire da una successione discreta di punti le cui ascisse sono 
in progressione aritmetica. Mentre questo non è che uno degli 
infiniti modi mediante i quali si può eseguire il passaggio al limite 
ora detto. 

RICERCA DELLA MEDIA CONTINUA IN SENSO GENERALE. 

§ 2. Ciò posto, supponiamo di dividere l'intervallo (a, b), in 
n parti, le ascisse degli estremi delle quali, siena in progressione ... , 
armonica, aritmetica, quadratica ... , in corrispondenza ai succes
sivi valori interi relativi di j. Le ascisse degli estremi saranno 
della forma 

1 

[ai + i hfi j = ... - I , 0, I, 2 " ... 

Studiamo il comportamento della funzione: 

1 

Yi (x) = [: ~ [ai + i h]T Y per j cf:: O X -le: O ( I) 

al variare di x, i. 
Vediamo se possiamo assumere come « media continua» della 

variabile t in (a, b), nel senso del Dunkel, l'espressione: 

Yi (x) = lim Yi (x) 
n=oo 

Si ha: 

e quindi: 

l
, (.bi x l~ 

Yi (x) = l;r-~ ai" . ti dt
J

x 

, • al ' 

(I) Ora è nel seguito si intenda che le consider,àzioni svolte si limitano 
al oampo ,mIe. )" 
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\ [ 

b" +- i - a" + i l ~ 
'. Yi (x) = (; + I) (bi - ai) " 

L 1_ bi - ai l~ 
(Yi (x) = li (logb--loga) j 

per x / - j 

per x =-J 

Posto 

per x = O, 

è facile mostrare che la Yi (x) è funzione continua per qualun
que valore x dell'argomento, 

E intanto Yi (x) continua per x le O , xl - J, 
Si ha poi, applicando la regola dell'Hòpital 

\ 

lo g l i m)li (x) = l i m-~ Ilo g (b'<+i_a"+-i) -l og (bi -ai )-
",==0 x=o x L 

_ (~ )1-' [b
X

+-
i 
lo g b - a"'+-i l o g a - + .1-lo g ,+ I - h m bX +- i x + j -

1 . ",=0 - a ~ + I 
. 1 

bilogb--ailoga I 

- bi-ai 1 

e quindi 

[
bi l-l '- I b i i l z m Yi (x) = -1 -i b-a 

x=o ei aa 

Si ha infine : 

l i m )li (x) = l i m [ b
X 

+ i - a" + i ]~ = 
" "" - i '" = - i (bi -- ai) (-+ + I) 

, [bX+ilogb-aX+ilogal-'; li(logb-lOga)]_.; =l'tm 1= " l 
, I b' - a' "=-1 _, (bi - ai) -

1 

e quindi 

'- G bi - ai J.!. 
l't m,Y;{x) = '(l' bI) i 
x=-1 og - oga 



La Yi (x) gode inoltre di tutte le proprietà enunciate nel § 1. 

Qui basterà di mostrare che gode della proprietà d). Si ottiene 
infatti successivamente: 

l o g l i m Yi (x) = l i m _1_ [l o g (b x +i - ax+i) -t o g (~ + 1)-
%=-00 X =-00 x 1 

-t og (bi -ai)] li!!! -;- [(x+ j ) loga+t og [( +r+i 
- Il-

r (~r+i(IOgb-lOga) ~ l 
-log( ; +t)-log(M-a~] ~ !!"'. (ga+ a (~)'H _ t -7 ~t dog a 

e analogamente 

l o g l i m )Ii (x) = l o g b 
,,=. +00 

Dunque la funzione Yi (x), per f =/'" 0, è atta a rappresentare 
una « media continua» nel senso di Dunkel: e sì noti subito che, 
per f = I, essa coincide con la (( media generalizzata» di Galvani. 
§ 3. Per fare assumere significato alla Yi (x), anche peri = 0, 
occorre studiare il comportamento della funzione 

. Yo (x) = l: ~ (a kiYJ~ per x 4= ° 
per n = 00; posto Yo (x) = l i m Yo (x) si ha 

n='Xl 

e quindi 

)lo (x) = l i m [~ ~ 
n=oo n 

Posto 

an n" x ( ') ".] l - n-, b-' -

logb-toga = h è 
n ' 

" ( ') x. l' an n-, bn' = e X ( ga+,h). , 

quindi 

Yo (x) = li i m ~ "~1 eX(lOga+ih)]+ = [ I jlOgb ext d tll~ 
n=oo n o _ logb-toga 'Dga . 

che conduce immediatamente alla formula 

)lo (x) = [X(lO~Xb-=-;:ga)F per x =/= O 



Posto ora )'0 (x) = . ---ab per x = 0, poichè Si ottiene facil
mente 

l t' m )'0 (x) = . -ab 
x=o . 

la 510 (x) risulta continua per qualunque valore x dell'argomento, 
Con calcoli analoghi a quelli del paragrafo precedente, si ottiene 

l i m Yo (x) = a ; l i m y (x) = b 
x=-oo 

e si vede che le altre proprietà richieste per la media in senso ge
nerale del Dunkel son tutte verificate anche per la Yo (x). 

Poniamo 

)ii (x) = Yo (x) per j = Q. 

Se dimostriamo che l i m Yi (x) = Yo (x) la funzione y (x) ri-
i=O 

sulta continua non solo per qualunque valore x dell'argomento, 
ma anche per qualunque valore i dell'indice. 

A tal uopo, si noti che, per x =/= O , x =1= - j, si ha 

per x = O, si ha 

, _ ,I [bbi]T-J . bilogb-ailoga I 
lo g l ~ m Yi (x) = lo g l t m -1 ~-.- b -a = l t m b' , . - -, = 

i = o i = o e-c aa' i = o 1 - a' J 
1 

= li m j( bi lo g b ~ ai ~ o g a ~ - (bi - ai) = l i m bi (l o g b)2 - ai (l o g a)2 = lo g a+lo g~ 
, _ o 1 (bI -- al) , - o bI - al" 2 
1- j - • +b1logb-a1loga 

J 

e che infine, per i = O, si ricade nel caso precedente. 
Dunque la funzione 

z (x ,il ~ [( {: ~ (:: ~ a;) y per x =/= O , x =/= - i, j =/= O 

z (x, j) = lX('Ob;Z:-7:gaJ~ per x =/= O ,f = O 

, r bi -- ai V 
z (x, J) = b'(logb-loga)J 1 

per x = - i ' j =/= O 
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per x = O , j =/= O 

z (x ,j) = \ira b per x = O, j = O 

è funzione continua per tutti i valori x, j, (L), e soddisfa a tutte 
le condizioni richieste per la media in senso generale del Dunkel; 
essa è quindi atta a rappresentare la più generale « media con
tinua)) della variabile t in (a, b), media che risulta appunto la 
cercata estensione di quella propostét dal Dunkel nel caso di 
quantità ai discrete. 

PROPRIETÀ DELLA MEDIA PROPOSTA E APPLICAZIONI. 

§ 4. Può ora essère interessante studiare la distribuzione di 
z, in corrispondenza dei valori interi delle due variabili x, j da 
cui essa dipende. 

Riuniremo in un quadro a duplice entrata tali valori di z, 
riportando in ordinata la variabile x e in ascissa la variabile j. 

Otterremo la distribuzione della Figura la; in corrispon
denza di un qualunque valore di j, e di U11 qualunque valore di x 
si hanno, all'incontro delle rispettive colonne e righe, i valori 
corrispondenti della « media continua)) prima definita. 

N ei paragrafi precedenti già è stato dimostrato che i limiti 
superiore ed inferiore delle medie di ciascuna colonna son fissi e 
rispettivamente eguali ad a, b, cioè agli estremi dell'intervallo; 
e, inoltre, le medie di ogni colonna crescono al crescere di x, in 
accordo con la nota proprietà, che si verifica nel caso di quantità 
discrete, che le medie aumentano il loro valore al crescere del
l'esponente x della formula del Dunkel. 

Lo stesso fatto ora notato per le colonne vale anche per le 
righe del quadro: si ha cioè con calcoli analoghi a quelli dei para
grafi. precedenti 

l i m z (x ,j) = a ; l i m z (x, f) = b 
i=-oo i=+ 00 

per qualunque valore di x. 

(I) S'intende che nel testo si è dimostrato solo che la z (x ,j) è con
tinua rispetto a ciascuna delle, due variabili presa separata mente. 
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Dunque le varie righe e la varie colonne del quadro costitui
scono altrettanti sistemi di valori della nostra media in senso 
generale della variabile t in (a, b), aventi per valori estremi, gli 
estremi di quell'intervallo. 

I valori z (x, j) per i quali è x = j danno le medie ... , armo
nica, geometrica, aritmetica ... degli estremi. È noto infatti che 
inserendo fra due quantità a, b, un qualunque numero n di me
di. .. , armonici, geometrici, aritmetici ... , la media ... , armonica, 
geometrica, aritmetica, ... risulta sempre, rispettivamente, la me
dia ... , armonica, geometrica; aritmetica ... , degli estremi a, b. 

L'esame del quadro porta ad enunciare alcune proprietà che 
si possono esprimere geometricamente nel seguente modo. 

Si tracci una linea che passi per i centri dei rettangoli la cui 
media corrispondente è Vab, linea che risulta essere una retta 
(K K), e che diremo retta fondamentale. Centro della distribu
zione diremo il centro del quadro, la cui media corrispondente è 
z (O , O) = Vab, asse la linea dei centri dei rettangoli delle medie 
corrispondenti ai valori z (O, j), cioè la retta (H H). 

Le proprietà di cui è il discorso si possono allora cosi espri
mere: 

a) le medie corrispondenti ai rettangoli per i centri dei 
quali passa una parallela alla retta fondamentale, e simmetrici 
rispetto l'intersezione di essa con l'asse, coincidono; 

b) le medie z', z" corrispondenti ai rettangoli i centri dei 
quali giacciono su una retta qualunque per il centro del quadro, 
e simmetrici rispetto ad esso, sono legate dalla semplice relazione 

a) 

b) 

z' . z" = a b 

Sinteticamente, SI hanno le formule: 

z (x , - 2 x) = Vab ,z (x, il = z ( - x, x + j) 
z (x , i) z ( - x , - j) = a b 

che esprimono le proprietà prima dette, e delle quali daremo ora 
la semplice giustificazione analitica. 

Consideriamo la superficie z 

z (x, j) = 
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resa continua per tutti i valori di x, j, (I), mediante le posizioni 
fatte nel § 3, e riferiamola ad un sistema di assi cartesiani (z, x, j). 

La retta rappresentata, parametricamente, dalle equazioni 

I -
X = t, i = - - t, Z = V a b (**) z 

appartiene alla superficie, come si può vedere immediatamente, 
sostituendo i valori ora detti di x, j, z nella (*), che risulta identi
camente soddisfatta. 

Una parallela alla (**), le cui equazioni parametriche saranno 

x =t + h,i = - ~t+h,z=l, z 
taglia la superficie z in punti, le cui coordinate son date dai valori 
di t soluzioni dell'equazione 

_1. 1 + 2 " ~ t + 2 h 
b 2 - a 2 

I 
-t+zh 
z (l l' --1+" --I+h) 

I b 2 -a 2 
---t+zh ' 

z 

= lt + h (***) 

Senza ri.solvere completa m'ente questa equazione, possiamo 
studiare il comportamento delle soluzioni di essa, per ogni fissato 
valore di l, cioè del valore della media generalizzata, e di h, 

Sia t = t una soluzione corrispondente ad un fissato valore 
di l, l = ( compreso tra a e b, e di h, h = ii; allora anche il va
lore t = - t - z li è soluzione corrispondente agli stessi valori 
fissati r; h. 

Infatti, sostituendo nella (***), al posto di t, il valore detto, 
si ottiene 

1- - 1- -
---I+h --/+h b 2 _ a 2 

I - -
--- t + h 

2 ( 1· - 1 - -) -1+2" -1+2" 
I, _ b 2 -a 2 

-t + zh z 

= l-I-h 

(I) La z (x, i) è una superficie rappresentativa dei valori interni all'in
tervallo (a, b). Non deve stupire il fatto che una superficie, cioè un ente 
geom. a due dimensioni, rappresenti i punti di un intervallo. Dalla teoria 
dei numeri transfiniti sappiamo che tanto l'intervallo (a, b) quanto la super
ficie hanno la stessa potenza puntuale [c]. 
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equazione identicamente soddisfatta, se t = i, è una soluzione cor
rispondente ai predetti valori fissati t, li. 

Le soluzioni si distribuiscono dunque a coppie sulle paral
lele (**) ; e cadono precisamente in punti simmetrici rispetto l'in
tersezione di quelle parallele con la parallela all'asse i condotta 
per il punto (O, 0, l): il che si può facilmente ottenere ricorrendo 
ad una nota formula di geometria analitica. 

Infine può facilmente dedursi dall'identità: 

z (x , j) . z (- x , - j) = a b 

di facile dimostrazione, che le ordinate z di punti della superficie 
le cui proiezioni sul piano x y sono simmetriche rispetto l'origine, 
sono inversamente proporzionali. 

In tal modo le proprietà a), b) sono state completamente 
giustificate .. 

§ 5. - Una delle proprietà. della distribuzione studiata nel 
paragrafo precedente potrebbe essere utilmente applicata al 
problemi di indole pratica del tipo che ora esporremo. 

Supponiamo di conoscere che due serie hanno intensità in 
progressione, ad es., rispettivamente, aritmetica e geometrica; 
le formule del paragrafo precedente ci dicono che la media z (o, - I) 
coincide con la media z( I, - I), il che significa che, al limite per il nu
mero dei termini tendente all'infinito, devono coincidere la media 
armonica della prima serie e la media aritmetica della seconda. 

Di modo che, se il numero dei termini delle due serie è abba
stanza alto, e si sia venuti a conoscere, ad es., la media armonica 
della serie i cui termini sono in progressione aritmetica, il valore 
di essa può essere assunto, con discreta approssimazione, come 
valore della media aritmetica della seconda serie, i cui termini 
crescono in progressione geometrica. 

La condizione che il numero dei termini sia abbastanza alto 
ha effetto notevole sul grado dell'approssimazione numerica che 
si vuole ottenere. 

Un esempio numerico illustrerà meglio dei calcoli algebrici, 
che dovrebbero esser fatti sui limiti 

l I \ n-l n-l j I 
ln~r:: nl a+v'a n

- 2b+ ... +v'ab"~2+b\J= 

= 1n ~ r:: ~~ + n - I + n - Ii~ = l o g b -lo g a ' 
. [ n l b-a 

a (n - 2) a + b ... a + (n - 2) b + b 
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il grado di approssimazione che si può. ottenere. 
Posto a = I, b = 2, si ottiene il grafico a tratto unito della 

fig. ~, ove la curva inferiore rappresenta la media armonica della 
prima serie, la curva superiore la media aritmetica della seconda 
serie; la retta, il valore limite cui le due medie convergono 
per n = 00. . 

Come si vede, la convergenza non è molto rapida, ma si può 
presumere che per ottenere una coincidenza alla seconda cifra 

decimale (approssimazione a meno di ~ nella determinazione 
IOO 

della media della seconda serie mediante il valore della prima) 
occorre al più disporre di una cinquantina di termini. 

Un altro esempio è riportato nel grafico tratteggiato della fig. 2. 

Si è posto ancora a = I, b = 2; e si è s~pposto di essere in 
presenza di due serie i cui termini sono in progressione aritmetica 
e quadratica. 

La curva rappresentativa della media aritmetica della prima 
serie è una retta coincidente con la retta limite, y = I,5; come 
doveva accadere ricordando che, qualunque sia il numero dei 
termini, la media aritmetica di una progressione aritmetica è la 
media aritmetica degli estremi. 

La curva rappresentativa della media armonica della seconda 
serie converge lentamente, mantenendosi sempre inferiore, al va
lor limite l,S, secondo la formula: 

3 
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Il. - Determinazione univoca della mediana nelle serie cicliche. 

SOMMARIO. -- ]ackson ha ideato un artificio teorico atto a deter. 
m.inare in modo univoco la mediana di una successione di numeri. Qui si 
studia l'estensione del detto artificio ad una successione di modalità qua
litative che danno luogo a serie cicliche. 

Si dà, in pari tempo, un processo di approssimazione mediante il 
quale, sia per una successione di numeri, sia per una successione di moda
lità qualitative, si può approssimare rapidamente il valore cercato della 
mediana in caso di indeterminazione, cosicchè quella ricerca, che sembrava 
aver solo utilità teorica, diviene applicabile, sia per le seriazioni, che per 
le serie cicliche, a casi che assumono importanza pratica nella statistica. 

POSIZIONE DEL PROBLEMA 

1. - I valori medi delle serie cicliche sono stati studiati da 
C. Gini ed L. Galvani nella monografia « Di talune estensioni del 
concetto di media ai caratteri qualitativi» (r) indagine completa e 
rigorosa dell'argomento, fondata sul principio matematico della 
conservazione delle leggi formali. 

In particolare, i paragrafi 27-30 della monografia sono dedi
cati alla definizione ed alla ricerca della mediana di una serie ciclica. 

Si definisce usualmente mediana delle quantità al az . .. a,. 
il valore x* che bipartisce la graduatoria degli ai posti in ordine 
crescente (o decrescente) di grandezza. 

Ora, in base a tale definizione, la determinazione della me
diana può condurre ad una indeterminazione, nel senso che tutti 
i valori di un intervallo tra due quantità possono essere mediane 
delle n quantità considerate. f: questo il caso, quando si ha una 
successione di quantità diverse 

con n pari, n = 2 k; oppure quando le varie quantità si presentano 
ripetutamente come nello schema seguente 
Quantità 

Frequenze 

(I) « Metron '>. 1927. l°, pagg. 1-209. 
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con 
m .. m-l .. 

~ y. = ~ y. ~ y. < 1:y •. 
1 m+l 1 m 

La stessa possibilità di indeterminazione si presenta quando 
la mediana viene definita come il valore che rende minima la somma 

n 

1: I X - Xi I Yi . 
1 

Tale possibilità sussiste pertanto anche per le serie cicliche, 
poichè è precisamente in base alla proprietà di rendere minima 

n 

la somma 1: I X - Xi I y. che il concetto di mediana è stato esteso 
1 

da Gini e Galvani al caso delle serie cicliche. 
Il Jacks9n ha proposto per una successione di quantità un 

procedimento per eliminare la indeterminazione più sopra descritta. 
Primo scopo di questa nota è di estendere tale procedimento al 
caso delle serie cicliche, eliminando anche per queste serie l'inde
terminazione in parola. 

2. - Secondo il procedimento del J ackson, il valore X 
mediana univoca del sistema di numeri [aiJ è l'unica soluzione 
compresa fra ak e ah + l (supposti limiti dell'intervallo di indeter
,minazione) dell' eq uazione 

(x -- al) (x - a2) ... (x - ak) = (ak+l -- x) ... (an - x) [IJ (I). 

Il J ackson non ha dato alcuna indicazione sulla via da seguire 
per la risoluzione pratica dell'equazione del testo. Daremo, nei suc
cessivi paragrafi, un procedimento semplice e rapido atto a dsol
vere numericamente la [I], e sopra tutto le sue analoghe, che 
.determineremo nei seguenti paragrafi, e che si presentano quando 
si applichi il procedimento a effettive serie statistiche (2). 

(I) Si noti che l'equazione sopra scritta solo per il caso n = 2 conduce 

alla formula X = al + a~; per n > 2 appare così pienamente arbitrario 
2 

l'assumere, come ordinariamente si fa, per mediana, nel caso di indetermi
nazione, la media aritmetica dei valori limiti dell'intervallo di indetermi
nazione. 

(2) Notiamo anche, fin da ora, che gli ordinari metodi di approssima
zione delle radici non conducono che in casi molto semplici, o molto parti
colari, a risultati soddisfacenti, se applicati nella attuale ricerca. 
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DETERMINAZIONE UNIVOCA DELLA MEDIANA NELLE SERIAZIONI 

STATISTICHE. 

3. - Applicheremo prima il procedimento del J ackson al 
caso di una seriazione del tipo 
Quantità 

Frequenze 
Yl, Y2' .•. , yn 

che rappresentano il caso che comunemente si riscontra in sta~ 
tistica. 

Diciamo x* = Xk la mediana della seriazione secondo la ordi~ 
naria definizione, cioè quella (o quelle) quantità per la quale val
gono insieme le due disuguaglianze: 

k-l n k n 

~ y. < ~ yi: ~ Yi > ~ Yi. 
l k l k+l 

Posto 
.. 

Sp (X) = ~ I X - Xi IPy, 
1 

Sp (X) è funzione continua con derivata Sp' (x) continua e sempre 
crescente al crescere di X espressa, per Xi :s;;: X ::;:: Xi+l della formula 

I i n 
-- S' p (X) = ~ (X - X;-)P-I Yi' - ~ (Xi" - X)P-I YI" 
P 1=;' i+1=;" 

Il minimo valore di Sp (x) si avrà dunque per X = x*p, se 
S'p (x*p) = O . 

Assumiamo ora come « mediana)i della seriazione il valore 
X = l i m x*p. 

P=l 
"E 

I k-l n 

t i m -p- S' P (XI<) = ~ Yi - ~ Yi 
P=l. 1 k+l 

I· " n 
l i m ----;::- S' p (XI< + e:) = ~ Yi - ~ Yi 

P=1 F 1 k+l 

I k-l n 
lim-p S'p (Xk-e:) = ~ y.-~y; 

P=l 1 k 

ove e: indica un numero positivo convenientemente piccolo, del 
resto arbitrario. 



Se supponiamo esistere una quantità Xk, per la quale 
k-1 n 

~ Yi = ~ y. 
1 k+1 

è l i m S' p (Xk) = O ; quindi Xk è la mediana cercata, ~ si ha facilmente 
'1'=1 

x = l i m x* p = Xk = x* 
'1'=1 

Altrimenti esisterà un primo valore di x, sia ancora, per como
dità di scrittura, Xk, per il quale sono yerificate insieme le disu
guaglianze: 

k·-1 n k " 
~ yi <.~ y. ~ y.> ~ y. 

k 1 k+1 

oppure 
k-1 " k n 

~ yi < ~ Yi ~ y. ~ -Yi (I) 
1 k 1 k+1 

Nel primo caso si ha li m S'p (Xk + e:) > O, li m S'p (Xk -~) < O; 
P=1 '1'=1 

quindi, e essendo una quantità piccola ad arbitrio, l i m S' p (Xk) = O 
'1'=1 

e si vede ancora facilmente che X = l i m X*p = Xk = X*. 

Il valore di ~ coincide dunque con il valore x* in tutti i casi 
in cui x* è unicamente determinato. 

N el caso successivo si ha infatti: l i m Sp' (Xk + e:) = O; vi è 
'1'=1 

indeterminazione, e precisamente ogni valore x, dell'intervallo 
Xk Xk+1' (2) annulla il limite della derivata Sp' (x)per p -+ 1. 

La stessa indeterminazione accade, ovviamente, per X*. 

(l) Si noti che le disuguaglianze: 

k-1 .. k " 
:E Yi > :E Yi. :E Yi < :E Yi 
1 k 1 k+1 

sono incompatibili; e che, se per un valore di k, k', sussistono insieme le 
disuguaglianze 

k'-l .. k' u 
:E Yi = 1:: Yi , :E Yi > :E Yi 
1 k' 1 k' +1 

esiste anche un valore di k, kl/, per il quale sussistono le 

k"-l n k" n 
:E y, < :E Yi, :E Yi::;;::E Yi. 
1 k" 1 k" 

(2) È da escludersi Xk+l perchè l i m S'p (Xk+l) =/= O. 
'1'=1 
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Si ricorre allora all'artificio, già usato dal Jackson, fondato 
sullo sviluppo in serie esponenziale: 

[f (x)JP = eP1og!f(x)]= 1 + P lo g [f (x)J+ P l o g~ Li (x)] + 
2 

valevole per p > O, ! (x) > O 

Si ottiene facilmente, per Xk < x < Xk+l, 

1 k Il 

"------ S'p (x) = ~ Yi' l o g (x -- xj') - ~ )Ii" l (I g (Xi" - x) + 
(P- I) P 1 Hl 

(x-- Xl)Y! •.. (x - Xk)Yk + (P -I) rp (x.y, P) =log (Xk+l-X)Yk+l" . (x"-x)Y,, + (P -I) rp (x,y, P) 

ave rp è una funzione che rimane finita per x, y fissati in modo 
qualsiasi. 

Se xp è il valore che annulla il secondo membro della equa
zione ultima scritta, per un certo valore di P, e X il valore unica
mente determinato che annulla il logaritmo che in quel secondo 
membro compare, si vede facilmente che l i m i p ,~" X . X può 

p=l 

dunque giustificatamente assumersi come mediana della seriazione 
nel caso che x* sia indeterminato; il suo valore può desumersi 
dalla equazione: 

l 
(x- xdY ! ••• (x - Xk)yk o g- --------" --"-------- = O 

(X"+I- X)Yk+1 ... (x" -- x)Y" 
cioè 
t (x) = (x - Xl)Y1 ... (x - Xil)y" - (X"+I - X)r" +t ... (x" - x)y" =0 [1]. 

L'equazione che determina X si riconduce evidentemente a 
quella data dal J ackson quando tutti i pesi siano uguali; essa ha 

k " 
per grado il numero ~ Yi = ~ yi (I). Perciò la determinazione 

1 k-H 

del vero valore di X non potrà farsi, in generale (2) che mediante 
la teoria dell'approssimazione. Nel par-agrafo successivo si vedrà 
come si possono semplificare i calcoli spesso complicati che questa 
teoria richiede. 

(I) Si noti che i pesi Yi possono in generale sempre ridursi a numeri interi. 
(2) Per n = 2 non si può avere indeterminazione a meno che non sia 

Yl = Y2 e allora si ricade nel caso esaminato dal }ACKSON e X = Xl + x2 
; 

2 

per n = 3 si gillnge ad un'equazione del grado 3° al meno; per n ~ 4 sempre 
ad equazioni di grado superiore al 4° (a meno che non si abbiano particolari 
gruppi di Xi, per i quali il grado si può abbassare di una o più unità). 



ApPLICAZIONI NUMERICHE PER LE SERIAZIONI. 

4. - Crediamo ora opportuno soffermarci sull' equazione 
che determina la mediana, per la risoluzione pratica della quale, 
come già è stato detto, occorre impiegare la teoria dell'appros
simazione. 

Il metodo di approssimazione da impiegarsi dovrà anzitutt() 
permetterci di giungere alla determinazione approssimata della 
radice cercata senza sviluppare i prodotti dei binomi che l'equa
zione [IJ contiene, sviluppo che riesce laboriosissimo quando i pesi 
non sono i primi numeri interi. Se si nota che in (Xk, Xk+1) la t (x) 
ha in generale dei flessi e che comunque il calcolo della sua deri
vata riesce molto complicato - anche quando non si debbano 
sviluppare i binomi - dovremo ricorrere al metodo cosi detto 
delle secanti, metodo che qui brevemente riassumiamo: si con
giunga il punto P s della curva, di ascissa Xk, con il punto P s 

k k+1 

di ascissa x ,e si determini il valore x* l in cui la retta P s , p s , 
k+1 k k+1 

taglia l'asse x; X*l dà un primo valore approssimato della radice 
cercata; detto P zOO il punto sulla curva la cui ascissa è x*l> si con-

1 

giunga P zO con P s o con P x secondo che t (X*l) > O oppUre 
l k k+1 

t (X*l) < O; si determini il valore X*2 dell'ascissa del punto di in
contro della retta PzO P x (Px" P x ) con l'asse x, valore che dà una 

1 k 1 k+1 

seconda e migliore approssimazione della radice cercata (Fig. I). 
L'iterazione del procedimento conduce ad Un'approssima

zione quanto si voglia spinta del valore vero della radice. 
Il metodo ora descritto è molto lento, e del resto potrà essere 

utilmente impiegato solo quando i pesi y sono ancora relativa
mente piccoli. Un'applicazione si troverà nel paragrafo dedicato 
alle serie cicliche. 

5. - Descriveremo ora un rapido procedimento di appros
simazione, valevole per pesi y qualunque; si vedrà come l'appros
simazione delle radici della [I] possa spingersi a qualsivoglia cifra 
decimale mediante successive equazioni di 2° grado. 

Invece di risolvere la [I] possiamo risolvere l'equazione 
seguente 

logK(x) =log (X-Xl) ... (X-Xk) =0 
. (Xk+1- x) ... (x,t - x) 

ove il logaritmo è assunto in base e. 



Sviluppando in serie di potenze i fattori dell'equazione pre
cedente, secondo le formule 

Xk + Xk+l 
Xo = 

2 

x - Xo (x _XO)2 + log(xo-X;) =log(XO-Xi) + --- - ( )2 + ... 
Xo-Xi 2 Xo-Xi 

i c= I, ... , k 

l o g (Xi - x) -= l o g [(Xi - Xo) + (x - Xo)] =, lo g il _ X - xol + L Xi -Xo 

x - Xo (x - Xo)2 + l o g (xi - Xo) . l o g (Xi - Xo) - - ( )2 -
Xi - Xo 2 Xi - Xo 

i = k + I, ... , n 

e fermando gli sviluppi al 2 0 termine, si ottiene la seguente equa
zione di 2 0 grado in (x - xo) : 

- (x - Xo)2 ~ l _. ~ , + (x - xo) ~ __ '_ + I l· n y. k y. -/ lI< y. 
2 k+l (X;- %0)2 ·1 (Xo -... - X;)2 k+l X; - Xo 

k y. I lk n I + l: --' -. + ~ y.l O g (Xo -- Xi) - l: Yi lo g (Xi - Xo) = O [2J (I) 
l XO - Xi l k+l 

Se con 

~l = Xl - X o ; l = I ... n 

indichiamo gli scostamenti algebrici da Xo delle successive moda
lità Xl .•. xn, e con z lo scostamento approssimato da Xo della 

,radice cercata x*, l'equazione può anche scriversi 

I n Yl [s g n ~l) "yl " . 
--- Z2 ~ 2 • '" + Z ~ ,- -l: Yl [s g n . et] l o g I ez I = O [a] 

2 l el 1 et 1 

la radice Xo di questa equazione fornisce un primo valore x' ap
prossimato di x* 

X' = Xo + (x' - xo) = Xo + Zo 

(1) Se x* o.c x o , deve essere :EYilg(xo-xi) -':Eyjlg(xj-xo) ~_ O; 
cioè esser nullo il 3° coefficiente della [2] e viceversa. Quindi, se il 3° coeffi
ciente risulta O è x* = X o e il procedimento à qui termine; altrimenti è 
x* :/: x o, e gli sviluppi impiegati hanno sempre significato. 



Questa prima approssimazione non è molto esatta a motivo 
del fatto, ben noto, che gli sviluppi in serie di log (I + x) sono 
lentamente convergenti per valori di x non molto vicini a O. Si 
può ovviare a questa difficoltà iterando il procedimento nel modo 
seguente: si ponga 

l x - x'l l o g (x - Xi) = l o g I + --,--- + l o g (x' - Xi) 
X -Xi 

, x - x'~1 
l o g (Xi - x)= l o g II - -------; + l o g (x; - x') 

x; -x, 

x - x' x - x' ,--,--, 
X -Xi x;-x 

sono allora in modulo minori di I (I) e abbastanza vicini a 0, 
perchè gli sviluppi in serie dedotti da essi secondo le formule già 
date precedentemente, siano rapidamente convergenti. 

(I) Ciò implica che siano contemporaneamente verificate le condizioni 

x* - x' x* - x' 
- l <, < I ; - I < ---, < I [*] 

X -Xi Xi-x 

ove con x* si è indicato la vera radice della equazione lo g K (x) = O. 
Valutiamo l'errore che si commette trascurando i resti degli sviluppi 

in serie dei termini 

Yi lo g (1 + X -- Xo)' ; _ y, lo g (1 _ X - Xo') 
xo-xi x;-xo. 

a partire dal terzo termine incluso in poi. 
Tali resti sono rìspettivamente 

con l 0. l < I , l 0; l < l . 

Posto 

l o g K (x) = t (x) + A (x) 

ove t (x) è l'equazione [2], A (x) la somma dei resti ora determinati, sarà 

lo g K (x') = t (x') + A (x') = A (x') 

c quindi secondochè A (x') ~ O è anche x' ~ x; inoltre è 

Se ora supponiamo x' > x o , i denominatori dei cubi che compaionu 
nelle sommatorie sono> O e quindi è A (x') > O. 



Sviluppando in serie, e fermando gli sviluppi al IO termine, 
si ottiene un'equazione della stessa forma della [I], e precisamente 
ancora 

I " YI [s g n '1)IJ n YI n 
- W 2 ~ 2' + W ~ -1 -I - ~ YI [s g n . '1)1] l o g I 1)1 I = O [b] 

2 1 1)1 1 1)1 1 

ave W è lo scostamento approssimato da x' della radice cercata x*, 
e YJI gli scostamenti esatti da x' delle successive modalità Xl ••• X". 

La soluzione Wo dell'equazione ultima scritta è la correzione 
da apportarsi a x' per ottenere un secondo miglior valore appros
simato x" di x*, dato dalla formula 

x" = x' + (x" - x') = x' + wo; 

x" dà un'approssimazione molto soddisfacente di x, come si vedrà 
nel paragrafo seguente. 

6. - Sia data la seriazione : 

Modalità 

Frequenze 

I 

120 

2 

15 
2,25 4 8 12 

18 30 100 

Si vede facilmente che ogni valore compreso fra 4 e 8 è mediana 
secondo l'usuale definizione. 

La mediana risulta poi determinata in modo univoco dalla 
unica soluzione compresa fra 4 e 8 dell'equazione 

(x - 1)120 (x - 2)15 (x - 2,25)18 (x - 4)30 
=1 

(x - 8)100 (x - 12)83 

La media aritmetica dei limiti dell'intervallo di indetermina
zione è 6. 

L'equazione in z ottenuta mediante la formula (a) risulta 
essere 

6,394 Z2, + III,633 z + 4°,363 = o 

La sua unica radice compresa in (- 2, + 2), Zo = - 0,369, 
dà la correzione da eseguire su Xo per avere il primo valore appros
simato cercato, 

x' = Xo + Zo = 5,631 

Se invece supponiamo x' < x o. è A (x') < O. 
Dunque è sempre o: x' > X o e contemporaneamente x' > x 

oppure: x' < X o e contemporaneamente x' < x. 
In ambedue i casi si può facilmente vedere che vale sempre il sistema 

di diseguaglianze [*] e quindi gli sviluppi del testo sono sempre convergenti. 
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Iterando il procedimento secondo la formula (b) si ottiene 
l'equazione In w 

0,1397 w2 + 109,0047 w - 0,0902= o 

e per secondo valore approssimato 

x" = X' + Xo = 5,631 + 0,0082 = 5,6392 
Ora è 

f (5,6392 ) < o ; f (5,6393) > o 

quindi x" approssima x* a meno di 1/10000 per difetto. 

ESTENSIONE ALLE SERIE CICLICHE. 

7. - In accordo al principio di conservazione delle leggi 
formali, si definisce mediana della serie ciclica a modalità equi
spaziate (al qual caso ci si può sempre ridurre) : 
modalità 

frequenze 

Yt--k+l, ... , Yt+b Yt. Yt+b ... , Yt+k 

la modalità X (o le modalità, effettive o di conto) ove la 
funzione 

o (X) = 1": I X 'Xi I Yi 

ha un mlmmo assoluto. 
Con il simbolo I XX./ si vuole indicare il valore assoluto della 

diversità base da X a Xi nel senso di Gini e Galvani (l). 
La funzione 0 (X) è continua, ma non altrettanto accade per 

la sua derivata, che presenta n - l discontinuità di seconda 
specie. 

N on si possono quindi caratterizzare i minimi della 0 (X) 
mediante lo studio delle sue successive derivate; occorre ridursi 
all'esame dell'effettivo comportamento della 0 (X) nei vari punti 
modalità del ciclo. 

Si può dimostrare che la mediana cercata può non essere. 
unica, ma comunque cade sempre in una modalità effettiva, salvo 

(I) Loc. cito pago 29. 
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il caso in cui essa è una qualunque delle modalità, yffettive o di 
conto, di un intervallo tra due modalità effettive consecutive. 

E facile convincersi che ciò accade quando la rappresenta
zione grafica della 0 (x) ha l'andamento descritto nella figura 2, 

e quindi la sua derivata 0 (x) quello della figura 3 (I). 
La derivata della 0 (x) ha quindi, nel -caso di in determina

zione, il segmento corrispondente all'intervallo XI Xt+! di indeter
minazione, coincidente con un segmento dell'asse X. 

Assunta l'origine X t arbitraria, studiamo ora la funzione 

0 p (X) oc.= ~ ! X Xi /P Yi 

La funzione è continua, e la sua forma è, nei successivi inter
valli dell'asse X, la seguente: 

per X variabile da XI 1 a X, 

(- x)P Yl + (I -~ x)1> YI+1 .+ . ----[-
+ (k -- x - I)P YI+"-1 + (k + x)t Yt," + _ .. + (x + I)P VI_ 1 

per X variabile da Xl a X I+ 1 

(I -- x)P )11+1 + . _ . + (k - x)P )lt+k + 
+ (k + x - I)P YI-k+1 -+ _ . _ + xl> Yt 

per X variabile da X1+ 1 a X 1+2 

(2 _. x)1> YI+2 + . _ - + (k -- x + 1)1> yl "+1 --1 
+ (k + x - z}P Yt-k+2 + .. _ -~ (x - I-)P YI+l 

ove x indica lo scostamento di X da Xl (2). 

(I) La serie impiegata per il grafico è la seguente: 
SONE 
l • 2 2 l 

assunta come origine la modalità O, si sono calcolati i valori di El (x). El' 
(x), ottenendo i seguenti risultati, ove x indica lo scosta mento di X da O: 

per X in I El (X) 10'(X) 
I 

S O -2%+5 --2 

ON 5 o 
NE 2 % + 3 2 

ES 7 o 

(2) Le funzioni ElI' (X), El (X), ecc., sono valutabili numericamente 
solo quando si ricorra agli scosta menti x da un'origine fissa. Perciò non si 



La forma della derivata di ep (x), che indicheremo con 8'p (x) 
è allora, nei successivi intervalli del ciclo, la seguente: 

per X variabile da Xt-k a Xt-k~l 

p 1- (- k -- x + I)P l Yt-Hl - ... - (- X)P--l Yt + 

+ (2 k - I + X)~-l yt--l + ... + (k + X)P-l Yt~k ( 

per X variabile da X t- 1 a Xl 

p l _. ( - X)P-l Yt - ... --- (k - I - X)P-l Yt+k--l + 

+ (k + X)~-l Yl+k + ... + (x + r)P--l Yt--l I 
.per X variabile da X t a X t +1 

p I - (I --:- X)P-l Yt+l - ... - (k - x)/J- 1 Yt+" + 
+ (k + x - I)P--l Yt "+1 + ... + xP- 1 Yt I 

per X variabile da X t +1 a X I +2 

p I -- (2 - X)I>--l Yt+2 - ... - (k - x + I)P-l Yt-k+l + 
+ (x + k - 2)1>-1 Ytk+2+ ... + (x - I)t--1 Yt+l I 

per X variabile da X t+k - 1 a Xt+f> 

p l -- (k - X)P-l Yt+k -- ... - (2 k -- I -- X)P---l Y'+l + 
+ xl - 1 Yt + ... + (x - k + I)P-l Yt+k-l I 

La funzione e' p (x) ha dunque n - I discontinuità di seconda 
specie: anzi, se si immagina l'ultima modalità congiunta ciclica
mente con la primà, n discontinuità di seconda specie. 

Immaginando di percorrere il ciclo nel verso anti.orario,. si 
vede facilmente che la 8'p (x) diminuisce, all'atto di attraversare 
le modalità 

il suo valore rispettivamente di 

2 P kP- 1 yt+l, ... , 2 P k P- 1 Yt+k-l, 2 P kp--l Y'+k 

e all'atto di attraversare le modalità 

dà luogo ad alcuna ambiguità sostituendo, nel testo, alle 0p (X), 0 (X), ecc. 
le"corrispondenti 0p (x),:0 (x), ecc., che denotano, in sostanza. le stesse 
funzioni. 
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il suo valore di 

2 P kp-l Yt-k+l, 2 P kP-l Yt-b (2 P kP-l Yt) 

ClOe l'intensità algebrica dei successivi salti è il peso della moda
lità opposta a quella che si attraversa moltiplicato per il coeffi
ciente - 2 P kp-l. 

In ciascuno degli intervalli Xi Xi+! consécutivi la e'p (x) è 
funzione sempre crescente; infatti la sua derivata ordinaria cal
colata, ad esempio, in XI X t+! è data dalla formula: 

c/-;; 0'1' (x) = p (P - I) l (I - X)p-2 YI+l + ... + (k - X)p-2 yt+k + 

+ (k + x - 1)1'--2 yt-k+l + ... + xP--2 Yt : 

e quindi è sempre positiva. 
8. - Il grafico della 0'1' (x) (Fig. 4) offre una chiara rappre

sentazione delle proprietà ora viste (I). 
N eH 'interno di ognuno degli intervalli considerati la fun

zione 01' (x) ha al più un minimo relativo, e tale minimo, se esi
ste, è dato dal valore x*p che annulla la 0'p (x). 

Supponiamo ora che vi sia indeterminazione nel calcolo della 
mediana mediante la funzione 0 (x) e che l'intervallo di indetermi
nazione sia per esempio XI XI+!' Vogliamo dimostrare che in tal 
caso la 01' (x) ammette, in (XI X tH), qualunque sia il valore di p, 
un minimo; basterà dimostrare che l'equazione che si ottiene 
uguagliando la 0' p (x) a O nel corrispondente intervallo di varia
bilità per la x, (0,1), ha sempre una e una sola radice reale compresa 
fra i limiti di quell'intervallo. 

(I) La serie impiegata per la costruzione del grafico è la seguente: 
SONE 
I 2 3 4 

Assunta come origine la modalità O, si son calcolati i valori di 0' (X), 
0'z (X) nei quattro intervalli di variabilità per X, ottenendo i risultati 
seguenti: 

=================================== 
per X in 0' (X) 0'B(X) 

I 

S O o 1 3 (24;r + 14) 
O N -4 i :1 (- 4 x~ + :24 x _. IX) 

N E o 15(16-1:--22) 
E S 4 i 3 (4 X2 -I :\2 x +- -p) 

I 



II fatto ora enunciato si ottiene facilmente, per i valori 
interi del grado p - I, mediante l'applicazione del teorema di 
Sturm. 

Si formi la serie di Sturm relativa all'equazione 0'p (x) = (I : 

Si otterranno p - 2 funzioni razionali intere 

I (x) = 0'p (x), Il (x) = /x e"p (x) ... ,/p-~ (x) 

Poichè la seconda di esse, iI (x) ha segno costante nell'inter
vallo (0,1) la serie di Sturm può essere limitata a quella fun
zione (I). 

E 
I (O) < O, Il (O) > o; I (I) > O, /J (I) > O (2) , 

quindi nell'intervallo (0,1) si perde una sola variazione, e perciò 
l'equazione proposta ha una e una sola radice reale x*p in (0,1). 

L'esistenza e l'unicità della radice delle successive equazioni 
0'p (x) = o per p = n ... 3.2 ci suggerisce che essa deve, per 
p = I, tendere ad un limite determinato. 

A noi interessano dunque ora i valori di p prossimi e maggiori 
di l. Per conseguire il risultato enunciato, si impiega lo stesso 
artificio del paragrafo 2. Si sviluppano in serie esponenziale i ter
mini della e'p (x) ; si ottiene successivamente: 

(I -- x)1--1 = I + (P - I) l o g (I - x) + (P - 1)2 <ilI (x, P) 

(I) CESARO, Analisi algebrica, pago 195. 
(2) Se tutti i valori di X dell'intervallo Xt Xt+!, sono mediane (in 

senso lato o in senso stretto) la 0' (X) è ivi come~ si è visto, un segmento 
dell'asse X, quindi deve essere nullo identicamente in Xt XtH il coeffi~ 

dente della x in 0 (x), che è funzione lineare di x. 
Ma tale coefficiente (cfr. GINI e GALVANI, loc. cit., pagg. 85, 86) vale in 

1 HA t H" 
XI Xt+l, ~ Y. - ~ Y.; quindi deve essere ~ Yi = ~ Yi. Ciò posto, 

1-11+1 Hl 1-"+1 Hl 

si noti che il calcolo di t (O) r t (I) conduce alle formule: 

t (O) = l i m 0'p (x) = - Yt+1 - 2P--1; ;:t+2 -- ... - kP--1 yt+k + 
x~O+O 

+ (k-l)kP-lyt_k+l+ ... +yt-l;(r) =Zim0'p(x) =-Yt+2-
x~l-O 

- ... - (k - 1)/1-1 Yk+t + kP~-l yt-k+l + .,. + yt. 

Tenendo conto della uguaglianza precedentemente stabilita fra i valori 
)'i si vede con facilità che t (O) < O t (I) > O. 
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(k - X)P-l = I + (P - I) lo g (k - x) + (P - 1)2 cpp (X, P) 

xp- 1 = I + (P - I) lo g x + (P - 1)2 q.>n (X, P) 

EY () l (k + x - I) Yt+l ... (k - X) Yt+k + 
--,-P--,--(P,---1----c) • p X = O g (I - X) Yt+l ... (k - X) Yt+k 

I 

+ (P - I) IP (X, p, y) 

ove cp (X, p, y) rimane finita per valori fissati di x, y, qualsiansi. 
Per un qualunque valore di P fissato, la frazione del secondo 

membro cresce quando X cresce da O a I: esisterà un valore unica
mente determinato x* in (0,1) in cui quella frazione vale I e il 
suo logaritmo o. 

Se P è sufficientemente vicino a I, 

Elp (x* + E) > O, El' p (x* - E) < O ; 

allora esiste un valore x* p che annulla El' p (x), e questo è certo 
compreso, per P sufficientemente vicino a I, tra x* + e: e x* - E, 

come volevamo mostrare. 
9. - Il fatto che x* p sia compreso, per P sufficientemente 

vicino a I, fra x* + e e x* - E, mostra che è: l i m x*p = x*. 
P=1 

x* è dunque il valore unicamente determinato a cui tende 
per P = I, la successione dei valori che danno il minimo della 
El'p (x) nell'intervallo d'indeterminazione. Sia X* la modalità 
avente lo scostamento x* dall'origine. 

E' giustificato assumere X* come modalità mediana della serie 
assegnata? Dobbiamo dimostrare': 

a) che la successione delle modalità X*p che minimizzano le 
funzioni Elp (x) tende per P = I alla modalità X che minimizza la 
El (x) nel caso in cui non vi sia l'indeterminazione del tipo s.tudiato : 
cioè occorre dimostrare che l i m x* p = x per ogni valore x (e 

P=1 
sappiamo che possono essercene più di uno, ma sempre in numero 
finito) che minimizza El (x) ; 

b) che i valori x*p, nel caso di indeterminazione, realizzano, 
almeno per P sufficientemente vicino a I il minimo (o uno dei minimi) 
assoluto della Elp (x). 

Supponiamo, a tale scopo, dapprima, che una modalità, ne
cessariamente effettiva, X t +! per esempio, realizzi il minimo as
soluto della El (x). 

La differenza e (XI) - El (X t+1) è allora positiva per J =/= t + I 
4 



"o .) 

ed il limite inferiore di essa al variare di f è un numero positivo (J. 

Ora si ha: 
ep (Xi) - e p (XtH) > e (Xi) - ep (X/H) 

qualunque sia j, come si può facilmente dedurre dalla forma delle 
due funzioni ep (X), e (X). ' 

Di qui segue 

ep (Xi) - ep (X/+ I ) > [e (Xi) -e(Xt+I)J-[ep(Xt+l) -e (XtH )] > 
> (J - [ep (X t +l ) - e (X t +I )] 

Ma 

ep (Xt+I ) - e (X/H) = 2 (2P- 1 
- I) (Y/1-3 + Yt+l) + 

+ ... + k yt-k+I (kP~l - I) 

e quindi possiamo sempre trovare un valore PI > I tale che per 
I < P <PI sia 

cioè 

Per tali valori di p è 

ep (Xi) - ep (X t +I ) > (J - ~ > O 
2 

ep (Xi) > ep (X/+ I ), j =j= t + I 

il che dimostra che X t +I è un minimo anche per la ep (X), relati
vamente alle modalità effettive del ciclo. 

Ciò posto, si noti che, non essendovi nel caso attuale indeter
minazione per il minimo della e (X), la rappresentazione grafica di 
questa funzione deve, a sinistra e a destra di X/H esser costituita 
da due segmenti di coefficiente angolate rispettivamente negativo 
e positivo, che indicheremo con - w, + d. 

Ora la ep (X) converge in ogni punto del ciclo alla e (X), come 
si vede esaminando le differenze ep (X) - e (X). Lo stesso accade 
per la e' p (X), considerando separa tamen te ciascun segmen to X i X i +], 

in ogni punto dei quali essa converge alla 0' (X). In particolare, 
nei due segmenti adiacenti a X t +I , (X t X t +I ), (X t +;. X t +2), la 0'p (X) 
converge ai due segmenti paralleli all'asse x, di ordinata co
stante - w, + w'. 

Si può allora determinare un valore p = P2 < P sufficiente
mente vicino a I, tale che per P2 > P > I le e'p (X) siano tutte 
comprese in strisci e rettangolari parallele all'asse x, di ordinate 
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estreme (- w + E < O), {+ w' + E> O) e di aSCisse estreme 
(- I, o), (0,1) rispettivamente. Allora la 0 p (X), se p soddisfa alle 
limitazioni P2 > P > I, è sempre, in ogni punto dei seguenti 
(XI X/+ 1), (X t +! X/H), rispettivamente decrescente e crescente, e 
quindi non può assumere, in nessuna modalità di conto dei due 
segmenti (Xt X t+1), (Xt+1 X tH), valori minori che nell'estremo 
comune ai due segmenti. 

Se ora esistesse una modalità X** (necessariamente di conto 
per quello che prima si è dimostrato) nel ciclo, appartenente ad 
un segmento Xi Xi+l' in cui la 0 p (X) avesse un valore minore che 
in X/H, in essa dovrebbe annullarsi la 0'p (X). Ma si può sempre 
determinare un valore h <P2 di p così vicino ad I, che per P3>P > I, 

sia sempre, in (Xi X i +1), 0'p (X) =/= O, purchè nello stesso segmento, 
sia 0' (X) = k =j= O; il che esclude che la 0 p (X) possa avere in X** 
un minimo relativo e quindi anche assoluto. 

Se invece, nello stesso segmento, è 0'(X) = O, e se è À la dif
ferenza fra il valore costante T di o (X) in (Xi Xi+l), e il va
lore 0 (Xt+1) si può sempre trovare ancora un valore Ps < P2 tale 
che per P3 < P < I sia 0 p (X) > T -.6 in tutto (Xi Xi+1); il 
che porta ancora ad escludere che 0 p (X**) possa essere minore 
di 0 p (X t+1). 

Se ne conclude che la 0 p (X), per p sufficientemente vicino ad I, 

realizza il suo minimo assoluto nella stessa modalità effettiva in 
cui realizza il suo minimo la 0 (X), il che è a dire, ritornando alle 
notazioni precedentemente introdotte, 

l i m xp* = X 
P=l 

Piccole modifiche al ragionamento ora fatto sono necessarie 
per giungere all'asserto nel caso che vi sia più di una modalità 
(ma sempre in numero finito) che realizzi il minimo assoluto di 0 (X). 

In tal caso vi saranno due o più successioni di valori minimiz
zanti [x*pJ, [x*'p], ... , per ciascuna delle quali avverrà che 

l i m x*p = x, l i m x*'p = x', ... 
P=l P=l 

ove X x', ... sono i valori che minimizzano 0 (X). Cosi la a) è 
completamente dimostrata. 

Analoghe considerazioni di continuità portano pure a conclu
dere che, nel caso di indeterminazione, la funzione 0 p (X) realizza 
effettivamente il suo minimo assoluto (o uno dei suoi minimi as
soluti) nel valore x* p in cui 0' p (x) = O per sufficientemente piccoli 
valori di p. 



Basta ricordare che nel caso attuale la e (x) è costituita nell'in
terno di XI X I+1 dal segmento parallelo all'asse dell'ascisse, in 
cui cade la mediana, mentre i due segmenti adiacenti, devono ne
cessariamente avere coefficienti angolari costanti di segno diverso. 

E dunque completamente giustificato l'assumere come me
diana, nel caso di indeterminazione, il valore x* soluzione della 
equazione: 

(k + x - r)"I_k+l ... XYI = (I - x)Yt ... (k - X)Yt+k 

valore che, si noti, è indipendente dall'origine X t fissata (I). 
IO. - Se n è dispari, n = 2 k + I, si vede con facilità che 

l'indeterminazione studiata non può mai presentarsi (2). 
Si è dunque ricondotta l'indeterminazione nella ricerca della 

mediana di una serie ciclica a quella proveniente dalla definizione 
stessa della funzione e (X), che può ammettere per la sua stessa 
natura più minimi assoluti, in corrispondenza di modalità effettive 
in numero finito, modalità che possono sempre tutte essere consi
derate mediane in senso stretto della: serie data. 

CASI PARTICOLARI E APPLICAZIONI NUMERICHE. 

II. - L'equazione che determina la mediana in modo uni
voco ha per le serie cicliche la forma 
t (x) = (k + x - I)Yt-k+l ... XYt - (I - X)"t+l ... (k - x)Yt = O. [l'J 
O può sempre a questa forma ridursi cambiando convenientemente, 
quando occorra, l'origine, l'assunzione della quale era arbitraria. 

(I) Infatti supponiamo di spostare l'origine, per es., da Xt a Xt+l; 
diciamo x' lo scosta mento (X Xt+ 1). Il ragionamento ripetuto a partire 
dalla nuova origine, conduce alla equazione 

(- x')Yt+l (I - X')YI+2 ... (k - x' - I) Yt+k = (k + x')Yt--"--l ... (x' + I)Y 

Si noti ora che x' è legata a x dalla relazione 

x = (X Xt) = (X XIH) + I = x' + I 

sostituendo, nella equazione del testo, a x, il valore x' + I, si ottiene l'equa
zione in x' ora stabilita. Il che giustifica 1'affermazione fatta della indipen
denza del valore x* trovato, dalla origine fissata. 

(2) Cfr. GIN! e GALVANI, loc. cito pago 90. Quarito è detto nel testo si 
deduce dalla forma dei coefficienti di x in 0 (X) negli intervalli consecutivi 

X 1+1 X't+k+l, X'I+k+l Xt+l, XI+l X'I+k+2 : 

supponendo che nel 2° intervallo quel coefficiente sia nullo identicamente, 
gli altri due hanno sempre lo stesso segno, e quindi nessun punto dell'inter
vallo considerato può esser punto di minimo. L'estensione agli altri inter
valli è ovvia. 
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Nei paragrafi precedenti già è stato dimostrato che quella 
equazione ha sempre una radice reale x* nell'intervallo (0,1). 

Descriveremo prima alcuni casi cosi semplici da non richiedere 
l'impiego della teoria dell'approssimazione; daremo loro più il 
significato di conferma alla parte teorica, svolta nei paragrafi pre
cedenti, che di vera applicazione numerica. . 

Sia data la serie 

N NO O 50 5 5W W NW 

I I o o o o o o 

e assumiamo come origine la modalità N. 
~ evidente che in questo caso la modalità mediana ha scosta-

mento .-!- da N e pertanto essa è la modalità di conto N NO. 
2 

Vediamo se allo stesso risultato si giunge per mezzo della 
equazione (I) : essa si riduce, in questo caso, alla seguente: 

X=l-X 

e quindi x = _1_ , come si era previsto. 
2 

Si può anche notare che nel caso attuale è costantemente 

x = ~ il valore che minimizza le funzioni 0p (X). E pertanto 
2 

coincidono in N NO mediana e media aritmetica nel senso 
!L2 = m i n (I) della serie assegnata. 

Passiamo ad un secondo caso, ugualmente semplice: 

N NO O 50 5 5W W NW 

2 2 I I o o I I 

Si vede facilmente che vi è indeterminazione nell'intervallo 
(N, NO) i cui punti modalità sono tutti mediane della serie data; 
accade anche qui lo stesso fatto descritto nel caso precedente; e 
precisamente che il valore che minimizza la 0 (X) minimizza anche 
le 0p (X). L'equazione da risolvere è adesso: 

(2 + x) (I + x) X2 - (I - X)2 (2 - x) (3 - x) = O 

che, posta sotto forma normale, vale: 

IO XS - 5 X2 + 17 x - 6 = O 

Di questa è unica radice reale in (0,1), il valure X = ~ 
2 

valore che minimizza per esempio anche la O2 (X). 



54 

Si ha infatti: 

,02 (X) = (I - X)2 • 2 + (2 -.- X)2 • I + (3 - X)2 • I + 
+ (x + 2)2. I + (x + 1)2. I + X2 .2 = 8 X2 - 8 x + 14 

0'2 (X) =I6x-8;0"2 (X) =16>0 

e quindi x = ~ minimizza anche O2 (X). 

Gli esempi ora portati, autorizzano a generalizzare quanto ora 
si è visto ad una serie ciclica del tipo 

(I) (2) ... (k) (k + I) ... (2 k) 

Yt ytH ... Yt+k yt-k+l ... Yt-l 

con n = 2 k, della quale si supponga che i pesi Yi possano disporsi 
in due graduatorie: 

Yt+i , Yt+i-l, ... , Yt+i-k+l 

Yt+i+l , Yt+i+2 , ... , Yt+i+k (I) 

• i cui termini siano nelle singole graduatorie, decrescenti o almeno 
non crescenti e in cui, inoltre, quelli di posto corrispondente siano 
eguali. 

Per serie di tipo ora detto, vale la proprietà che la modalità 
di conto il cui scostamento è la media aritmetica fra gli sco-

stamenti di Xt+i, X t +i+l , (+ ' se si assume X t+i come origine) 

è la mediana della serie e insieme la media aritmetica nel senso 
112 = m i n . 

12. - Supponiamo ora di dover risolvere casi in cui non si 
verifichi la simmetria prima descritta: dovremo in generale ri
correre alla teoria dell'approssimazione. Può talvolta essere impie
gato con successo il metodo delle secanti già ricordato al paragrafo 4. 
Ad esempio, quando i pesi di cui sono affette le modalità X t X tH, 

limiti dell'intervallo d'indeterminazione, sono alti rispetto ai pesi 
di cui sono affette le altre modalità e inoltre uguali o molto vicini 

(I) Vedi GINI e GALVANI, loc. cit., 11-2 indica il momento secondo della 
serie assegnata. 

(I) Si ricordi che Yi = Yk quando i _ k (mod n); e si confronti con 
l'alinea 5 pg. 95 di GINI e GALVANI, loc., cito 
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fra loro; si noti infatti che i due termini dell'equazione [l'J con
tengono rispettivamente i fattori xYt, (I - x)Yt+1 potenze la cui 
base è minore di I, mentre tutti gli altri fattori hanno basi maggiori 
e relativamente vicine ad 1. 

Si intende allora che i fattori detti hanno la maggiore im
portanza nella determinazione dei valori dei due termini della [l'J ; 
e poichè si ha x = I - x quando x = 0,5, il valore della mediana 
oscillerà, nelle varie serie soddisfacenti alle condizioni anzidette, 
attorno al valore 0,5 ; pertanto, sarà di grande utilità partire da 
questo valore nella ricerca della radice approssimata delle radici, 
procedendo poi con il metodo di approssimazione già indicato. 

Sia data ad esempio la serie: 

N NO O 50 5 5W W NW 

4432 102 4 
Assunta come origine la modalità N, la funzione 0 (x) definita 

nel paragrafo 3 vale: 
Nell'intervallo (NW, N) - 6 x + 28 
nell'intervallo (N, NO) . 28 
nell'intervallo (NO ,O) 8 x + 20 

e si vede facilmente, calcolandone il valore nelle successive moda
lità effettive N ... NW, che essa raggiunge il suo valore minimo 
in tutti i punti dell'intervallo (N, NO). 

Siamo dunque di fronte ad una indeterminazione del tipo stu
diato; inoltre i pesi di cui sono affette le modalità estreme del
l'intervallo d'indeterminazione sono eguali, e alti rispetto a quelli 
delle altr~ modalità della serie: la radice dell'equazione che for
nisce la mediana, dovrà dunque essere vicina a 0,5. 

L'equazione da risolvere è : 

t (x) = (2 + X)2 (I + X)4 x4 - (I - X)4 (2 - X)3 (3 - X)2 (4 - x) = O. 

Si ha 
t (0,5) = - 2,52, 

mentre sappiamo che 
t (O) < O , t (I) > O ; 

poichè il valore di t (x) in 0,5 è negativo e molto piccolo, pre
sumibilmente il valore di t (x) in 0,6 sarà positivo. Infatti si ha 
t (0,6) = 4,42; segue che la radice cercata è certo compresa fra 
0,5 e 0,6. Applicando il procedimento descritto al paragrafo 4 si 
ottengono successivamente i due valori approssimaf:i 

x' = 0,53 ; x" ~ 0,53. 



t (0,53) .-: - l,55; t (0,54) = 0,06 , 

quindi 'il valore approssimato per difetto della radice a meno di 
un centesimo è 0,53, per eccesso 0,54. 

In generale, come già è stato detto, il metodo delle secanti non 
conduce però a risultati soddisfacenti e per la lentez2ia dell'appros
simazione e per la laboriosità dei calcoli per alti pesi. 

13. - Applichiamo ora il procedimento di approssimazione, 
valevole anche per pesi aventi molte cifre intere o decimali, descritto 
al paragrafo 5. 

Invece di risolvere la [l'], possiamo risolvere l'equazione 
seguente: 

Y 

l 
(k + x - I) I-k+l ••• XYI 

og Y y =0 
(I - x) /+1 ... (k - x) t+k 

[l'l 

ove il logaritmo è assunto in base e. 
Si noti che si può sempre porre 

log(a+x) ~log[(a+ i) +(x-Dl~log(a + i) +log rI + ::~l 
L 2 

log(a-x) ~logl(a-n-(x-i)l~log(a-i) +10{-: il 
lo g (x) ~ lo g [i + (x - Dl ~ lo g (i) + lo g II + x i il 

eseguendo queste sostituzioni nella equazione [l'] sviluppando in 
serie i logaritmi dei vari termini, e fermando lo sviluppo al 2° ter-

mine si ottiene facilmente l'equazione'~i 2° grado in (x.!.-~),ana
loga alla [a] del paragrafo 5. 



( I)" I + X - - ~ -- (Y~i+l + Yt+i) + 
2 l. I 

2--
2 

+ ~ (Yt-Hl - Yt+i) l o g (i -~) = O 

i cui coefficienti sono di calcolo molto rapido .. 
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[a'] 

La soluzione Zo di questa equazione fornisce un primo valore 

approssimativo x' = ~ + zoo Iterando il procedimento, si ottiene 
2 

una equazione della stessa forma della [a'] ove però ~ è sostituito 
2 

dal valore di x' ora determinato e che può scriversi sotto la forma 
seguente: 

I ( ')2 ;'lr yi+i yt-k+i ~J + 
2 x-x ~ (i-x')2-(k-i + X')2. 

+ (x - x') i: l Yt-.k+i '. Yt+i J + 
1 k - 2 + x' T 2 - x' 

k 

+ ~ [Yt-k+i l o g (k- i + x') - Yt+i log (i -x')] = O Cb'] 
1 

Q1J.alora si desideri un'approssimazione più spinta, basterà 
iterare ancora il procedimento. 

14. - Il metodo dà anche per le serie cicliche ottimi risul
tati: riprendiamo l'esempio dato precedentemente, quale appli
cazione del metodo delle secanti. Sostituendo nella (a') alle costanti 
i valori numerici si ottiene rapidamente l'equazione. 

0,I8I (x - ~)2 - 22,552 (x - O + 0,847 = O; x' - ~ = 0,043 

N on occorre nella risoluzione di questa prima equazione con
servare nei calcoli molte cifre decimali: il valore x' va determinato 
soltanto per permettere, mediante l'artificio escogitato, di conver
gere rapidamente. La seconda equazione, nella quale si deve te
ner conto di molte cifre decimali per avere un risultato soddisfa
cente, fornisce per la correzione wo, il valore - 0,006 (I). 

L'approssimazione a ~ è assicurata, coincidendo la seconda 
IOO 

(I) Ottenuto conservando costantemente 4 cifre decimali nei calcoli. 



cifra decimale del valore approssimato ora trovato 0,53 con quello 
(0,53 p. d, 0,54 p. e) già trovato per altra via. 

Si vede che, anche per le serie cicliche, non vi sono difficoltà 
ad applicare il procedimento di approssimazione descritto quando 
i pesi sono molto alti, fatto che, come si è notato, rende in generale 
impossibile utilizzare gli ordinari metodi di approssimazione. 

Anzi, il procedimento impiegato suggerisce, che il grado di 
approssimazione che si ottiene mediante esso migliora sensibil
mente al crescere dei pesi dei quali sono affette le modalità della 
serie assegnata: osservazione, questa, che, come s'intende facil
mente, vale anche per la ricerca della mediana in una seriazione. 

Si abbia infatti la serie ciclica: 

N o s E 

6001 3520 575 1 3770 

La determinazione della mediana conduce ad una indetermi
nazione, cadente nell'intervallo OS./Assunta la modalità O come 
origine, si ottiene, sostituendo nella (a') alle costanti i valori 
numerici, l'equazione 

3966,22 Z2 -+- 25056 -+- 2450,33 = O 

I I 6 
Zo = - 0,0994; x = -,-, - -+- Zo = o,{oo 

Iterando il procedimento, mediante la (b') si ottiene l'equa
zione in w 

3754,9064 w2 
- 25023,14°6 w -+- 31,0537 = O 

Wo = 0,0011; X" = X' -+- W = 0,{oI7. 

f (0,{oI7) > O , f (0,{oI6) < O 

(I) 

quindi x" approssima il valor vero x* a meno di I per 
10000 

eccesso; mentre nell'equazione data nel paragrafo precedente il 

valore x" approssimava il valor vero X soltanto a meno di ~ . 
500 

(I) Ottenuto conservando costantemente 4 cifre decimali nei calcoli. 
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CURTIS BRUEN 

Methods for the CombinatiOlI of Observations: Moda! 
Point or Most Lesser-Deviations, Median Loci or Least 
Deviations, Mean Loci or Least Squares, and Mid
Point of Least Range or Least Greatest-Deviation 

A power-mean, as defined by Fechner (1) (r), is a value, rela
tive to which the sum of the absolute deviations of the individuaI 
values, raised to a given power, is the least possible. The pth 
-order power-mean of a set of observations, Xi (i = r, 2, 3, .. , n), 
is that value, X, which makes the sum, ~ I Xi - X IP, a minimum. 
The mode is the null-order power-mean, for, as shown by Foster (2), 
it is the limiting value of the power-mean as p approaches 0, or 
lim X = the mode. The median is the first-order power-mean (1). 
p-+o 
When defined simply as the origin from which the sum of the 
absolute deviations is a minimum, the median remains indeter
minate, if, in the sequence, XJ < X2 < ... ::;:: Xn , n = 2 k and 
Xk:;t:Xk+b being any value, X, belongingtothe interval, Xk<X<Xk+l' 

But, as shown by J ackson (3), the median is always determinate, 
if taken as that power-mean which approaches a definite limit as p 
approaches r, and its value, lim x, is characterized in the other-

P-+I 
wise indeterminate case by the generaI equation, 

(x - XI) ... (x - Xk) = (Xk+1 ~ x) ... (xn - x) , 

from which special algebraic expressions for sequences of any 
given even number of terms may be derived. The arithmetic 
mean is the second-order power - mean (20, 1). The succession 
of further power-means of higher orders (1) ultimately reaches 
the infinite-order power-mean, originally due to Laplace (4), 
which is the mid-point of the range (12, 3) : lim x = (Xl + Xn )/2. 

P-+oo 

(1) The numbers pri nted in heavy type refer to the bìbliography a t 
the end of the article. 



The concept of the power-mean may be generalized from 
its origin in sequences of direct observations so as to become 
applicable to sets of indirect observations or of implicit func
tional observations as the method of least power-sums of the ab
solute values of the deviations. With indirect observations, the 
observed values of a dependent variable, Zi, are at once some un
known function of the observed values of the independent varÌa
bles, Xi, Yi, .. , Ui, Vi, and known functions of the unknown para
meters, a, b, .. , l, m, so that the observation equations are 

Zi = I (Xi, yi , .. , Ui , Vi) = li (a , b , .. , l , m) , 

and the sum of the absolute differences between the observed 
values of the dependent variable and the required function of 
the observed values of the independent variables, or the known 
functions of the unknown parameters, raised to the peh power, as 

n 

:E I Zi - Cf (Xi, yi , .. , Ui , Vi) = li (a ,b , .. , l , m)] IP, 
i=1 

is to be rendered a minimum. With implicit functional observa
tions, some unknown implicit function of the observed values of 
the variables, Xi, Yi, .• , Ui, Vi, which are known functions of the 
unknown parameters, oc, ~, .. , 7t, p, is equal to zero, so that the 
observation equations are 

<D (Xi, Yi, .. , Ui, Vi) = <Di (oc, ~, .. ,7t, p) = O, 

and the pth power-sum of the absolute values of the differences 
oI the function of the observed values of the variables, or of the 
functions of the parameters, from zero, as 

" n 
:E I <D (Xi, yi , .. , Ui , Vi) IP, 

;=1 
or :E I <Di (oc , ~ , .. , 7t , p) IP, 

i=1 

IS to be rendered a minimum. 
In the case of indirect observations, when the functions with 

respect to the parameters in the observation equations are of 
the fìrst degree, the problem of the determination of the param
eters for a minimum sum of absolute deviations raised to a given 
power reduces to the method of least plh powers for a set of n sim
ultaneous linear equations in m unknowns, the existence and 
uniqueness of the solutions for which, when n> m, for a general 
exponent, O < p:::;:;: 00, has been treated by ]ackson (5). The 
linear equation in slope-intercept form which is to be obtained 
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through the combination of indirect observations, when set u p 
as observation equations assumes the form, yi = a + b Xi + ... , 
and the problem becomes to determine the parameters, a, b, ... , 
so that the power-sums of the absolute values of the deviations of 
the observed values of the dependent variable relative to the 
functions of the parameters, as 

n 

L l yi - (a + b Xi + ... ) IP, 
i=l 

will be rendered a minimum for a given exponent p. In the case 
of implicit functional observations, the linear equation, which is 
to be obtained through their combination, when in normal form, 
and set up as observation equations assumes the form, 
Xi cos O( + yi sin O( - p =, 0, and the problem becomes to determine 
the parameters, 0(, p, so that the power-sums of the deviations of 
these functions of the parameters relative to zero, as 

n 

L I Xi COS O( + Yi sin (X - p IP, 
i=l 

will be rendered a minimum for a given exponent. 
The methods of solution used for the determination of the 

values of the specific power-means, the mode, the median, the 
arithmetic mean, and the mid-point of the range, of a sequence 
of direct observations, can be extended directly to apply to the 
determination of the parameters in the equations obtained from 
sets of indirect observations which give observation equations 
linear with respect to the parameters, and of implicit functional 
observations which yield eq uations linear with respect to their 
unknowns, and the solution by each method wilI result in mini
mum sums of the absolute values of the deviations raised to the 
power of the corresponding power-mean. 

Propaedeutic. 

When the linear equation in X, y, .. in slope-intercept form, 
y = a + b X + ... , is set up as an observation equation, yi = a + 
+ b Xi + ... , by the substitution of sets of concomitant1y obser
ved values, Xi, yi, .. , for its unknowns, X, y, .. , it remains an 
equation of the first degree, though in a, b, . . , and in generaI 
form with a unit coefficient for its first unknown and a transposed 
constant term.But, when the linear equation in normal form, 



such as x cos IX + y sin IX - P = 0, is set up as an observation 
equation, Xi COS IX + yi sin IX - P = 0, by the substitution of ob
served values, Xi, yi, for its unknowns, X and y, it do es not remain 
an algebraic equation, but is converted into a polar equation, 
not reducible to an equation of the first degree (though expressible 
as a quadratic function of the form, x2 + y2 + o o o - Xi X -

yi Y - o o o = 0, which is the equation of a circle or sphere with 

t C ( Xi yi ) d dO . _ • /'.2 .2 / ) cen er, 2' 2 ' o o ,an ra lUS, r - V x, + y, + o o o 2 o 

The locus of a linear observation equation is a straight line 
or a pIane o The locus of the observation equation, yi = a + b Xi, 

is a straight line, the a-intercept of which in rectangular coordi
nates is located on the y-axis since it is equal to the observed value 
of the dependent variable, yi, while the b-intercept is located on 
the x-axis and is equal to the observed value of the dependent va
riable divided by that of the independent variable, or y;fXio The 
locus of the observation equation, Zi = a + b Xi + C yi + o o ., is 

. a pIane, the intercepts of which are a = Zi, b = Z./Xi, C = Zi/Yi, o o o 
The locus of a polar observation equation may be regarded 

as a polar vectorial epicycloid or epispheroid generated respectively 
·through the linear translation and addition of radiaI vectors from 
a point where the diameters and tangents of two circles or the 
diametral and tangent pian es of three spheres are mutually per
pendicular. 

The locus of the polar observation equation, Xi cos IX + 
Yi + sin IX = p, the variables of which are the vectorial angle, IX, and 
the radius vector, p, wilI be a polar vectorial epicycloido Let XX' 
and YY' be a pIane system of rectangular axes; let their inter
section, O, be the origin, and the positive x-axis, OX, the prime 
direction, of a system of polar coordinates (p, IX) (Figo r)o Then 
Xi cos IX = r". is the equation of a circle with its center on the , 
x-axis at the point, X;f2, and with radius, Xi/2; yi sin IX = r'Y.' the , 
equation of a circle with its center on the y-axis at Yi/2, and 
radius, Yi/2; and rx . + ry. = p, the equation of the sum of the , , 
two component radius vectors at each vectoriai angleo The resulting 
polar vectorial epicyc10id is equivalent to a circ1e with the inter
cepts, Xi and yi, on the respective axes, and passing through the 
origino 

The locus of the polar observation equation, Xi cos IX + yi 
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cos ~ + Zj cos y = p, will be a polar vectorial epispheroid. Let 
the positive X-, y-, and z-axes, OX, OY, OZ, of the system of 
rectangular axes, XX', YY', ZZ', be the prime directions from 
which the respective vectorial angles, ot, ~, y, are measured; the 
positlOn of a point (p, ot, ~, y), is then located by its radius vector, 
p, and the angles its radius vector makes with the three rectan
gular axes, subject to the condition, cos2 ot + cos2 ~ + cos~ y = I, 

y 

X'---~~ 

v' 
Fig. I 

whereby any two given vectorial angies detet'mine the third. When 
their loci are not restricted to a pIane, the equations, Xi cos ot = Ys . 

• 
y,. cos ~ = Yy., and Zi cos y = r •. , represent spheres with their cen-

• • 
ters on the respective axes at the points and with the radii, X;f2, 

y;f2, Zi/2 (Fig. 2). The sum of the three component radius vectors, 
rx." ry" ,r." at each combination of the vectorial angIe.s, , . , 

0°:::; ot, ~,y (= cos-1 VI - cos2 ex. - COS2~) < 180°, 
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defines the polar vectorial epispheroid which is equivalent to a 
sphere with the intercepts, Xi, yi, Zi, on the respective axes, and 
passing through the origin (I). 

'Regarding the loci of polar observation equations from the 
aspect of their particular mode of generation as polar vectorial 
epicycloi.ds or epispheroids rather than from the aspect of their 

z 

y 

Fig. 2 

generaI geometrical form as circles or spheres serves to emphasize 
the mode of variation of their radius vectors in its relation to the 
variation of the several component radius vectors with the vecto-.. 
riaI angles. 

The distance from the locus of a polar observation equation 
to an arbitrary polar parameter point, P (p, IX, •• ), is the difference 

(l) The extension to polar vectorial epihyperspheroids would in
volve considerations of an n-dimensionaI coordinate system and gonio
metry comparabie to J. McMAHON'S, HypersPherical Goniometry, .'. «Bio
metrika » 15: 173-208 (1923). 
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between the radius vector of the polar observation equation, 
p (,. , )' and the assumed radius vector, p, at the assumed 

Xt,Yt,·· , 

vectorial angle, Cl, •• , or (p (Xi, Yi, .. ) - p) ex, . .' The distance from 

the locus of a linear equation in normal form defined by an 
arbitrary set of polar parameters, p, Cl, .. , such as the line, 
x cos l'J. + y sin Cl - P = 0, to a given observation point, P i (Xi, 

y., .. ), is found by substituting observed values for the unknowns 
in the equation, as d = Xi COS Cl + yi sin Cl - p. Sin ce the left 
member of a polar observation equation is equal to its radius vec
tor, as Xi cos Cl + yi sin Cl = P ( )' thc distance from the locus 

Xi, Yi 

oi a polar observation equation to an arbitrary polar parameter 
point is equal to the distance from the line or pIane defined by the 
arbitrary set of parameters represented by the parameter point 
to the observation point represented by the equation. The de
viation attributable to an implicit linear functional observation 
is accordingly the perpendicuiar distance of its observation point 
from the line or pIane to be determined. 

The distance from the locus of a linear equation in generaI 
form, Ax + By + ... + M = 0, to a given point, P i (Xi, yi, .. ), 
becomes, by changing the equation to normal form, 

d = A Xi + B yi + ... + M. The distance from the locus of a 
+V A2 + B2 + ... 

!inear equation in slope-intercept form, y = a + b X + ... , to 

b . . ( )' h - b Xi + yi - ... - a an o servatIOn pomt, P Xi, y(, .. , IS t en . 
ti b2 + 1 2 + ... 

Multiplication of this perpendicular distance by the secant of the 
angle between the normals to the locus and the vertical, that is, 
by V b2 + 1 2 + ... /1, transforms the perpendicular deviation into 
deviation with respect to the dependent variable, or ~y = yi -
- (a + b Xi + ... ). This deviation in the dependent variable is the 
distance from the locus of a linear observation equation, yi = a + 
+ b Xi + ... , to an arbitrary rectangular coordinates parameter 
point, P(a, b, .. ), and is equal to the difference between the first 
parameter of the observation equation, a (. . )' and the as-

y" X" .. 

sumed value of the first parameter, a, at the assumed values 
of the succeeding parameters, b, .. , as (a (Yi' Xi, .. ) - a) b, ... 

Thus the deviation attributable to an indirect observ"l.tion giving 
an observation equation linear with respect to its parameters is 
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the distance m the direction of the axis of the dependent variable 
of an observation point, P i (Yi. Xi' .• ), from the curve to be de
termined. 

1. MODAL POINT OR MOST LESSER-DEVIATIONS. 

The mode is that value about which the individual values 
collect most densely (1). In the absence of analytic criteria, that 
parameter point about which the greatest number of the loei oi 
a s~t of linear observation equations traversed by aline parallel 
to the axis of the dependent variable, or of polar observation 
equations traversed by a polar ray with .the origin preferentially 
excluded, sensibly tend to gather, cluster most closely, and con
centrate in greatest density, so that they most deftnitely establish 
and determine a mode, is to be selected as constituting the empir
ical modal point of the setof observation equations. The com
bination of observations by the method of the location of the mode 
or the modal point may be designated the method of most lesser
deviations, for it resu1ts in the greatest possible numerical pre
ponderance of deviations of magnitudes approaching zero. 

2. MEDIAN LOCI OR LEAST DEVIATIONS. 

Given a set· of observation equations, Wi Y = Xi, in which the 
coefficients of Y are all positive, if of the several values of Y = X;fWi' 

arranged in the order of magnitude, as Xl/Wl <:: X2/W2 <:: ... <:: 
X .. /W .. , that value,. Y = Xm/Wm, is selected, which is derived from the 
m/h equation which is indentifted by means of the inequalities, 
m ti- m--1 n 

~ Wi > ~ Wi, ~ w, < ~ Wi, this value renders the sum of the 
.=1 m+l ,=1 m 

absolute deviations of the other values a 'minimum (1). This 

(I) For if this value of y be increased by the increment Ay, the sum .. .. 
of the absolute deviations, 1: I Xi - Wi Y I, becomes 1: I Xi - Wi (y + A y)/, 

.=1 ;=1 
and, since the sum of the absolute values of the negative deviations and 

m 
of the zero deviation is increased by the quantity, A y 1: w" and that of 

.=1 

" the positive deviations diminished by the quantity, A y 1: Wi, the sum of 
m+l 

" the absolute deviations is increased by a positive quantity, 1: Wi A Y = ,=1 
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procedure constitutes Laplace's method of situation (6), which, 
despite its priority and greater generality, may well be assimi
lated to Fechner's concept of the median (1), to which it reduc
es when the weights of the several observations are equal, by 
interpreting it as the method of the weighted mediano 

The weighted median renders the sum of .the weighted ab
solute deviations a minimum. Given a seri es of values of y = xi/w. 
arranged in the order of magnitude, let those in the interval 
beginning with the lowest and including y = Xk/Wk give nega
tive deviations, while those in the interval beginning with y = 
= x" + l/W k + l and including the greatest give positive devia
tions. The sum of the weighted absolute deviations is then 

n k n 

~ w, I Xi/W, - Y I = ~ (W, Y - Xi) + 1: (Xi - Wl y) = 
;=1 ;=1 "+1 

Differentiating this expression for the sum of the weighted absolute 
deviations with respect to y, and equating the derivative to zero, 
gives 

d n k n lo n 

-d ~ I Xi - Wi Y I = ~ W. - 1: W. = 0, or ~ W i = 1: w,. 
y i=1 i+l k+1 i=1 k+l 

The weighted median is, therefore, that value among the several 
values of Y = Xi/W" or a value in the interval between a pair 
of the values, arranged in the order of magnitude, which is char
acterized by its equal partitian of the sum af the weights of all 
the values into the sums of the weights of the values below and 
above its own value. Since, for the simple, or equally weighted, 
median, Wi = I, the summation of the weights in the derivative re
duces to k = tl - k, or k = n/2; the simple median is therefore 
that value or a value in the interval between a pair of the values 
arranged in the order of magnitude characterized by its equal par
tition of the number of the values (7). When the weighted me-

(

111 ,,' 
= ~ y 2: fili - 2: fili)' while ii the values of y be diminished by ~ y, the 

;=1 111+1 

suru of the absolute deviations is again increased by a positive quantity. 

(
111-1 ") . - ~ y .2: fii, - 2:!ili (8, 18). 
,=1 '" 



dian assumes the value of Y = Xm/Wm , the sum of the weighted 
absolute deviations becomes 

n (""-1 n) ( n m-l) L I Xi - Wi Y I = L Wi - L Wi Y + L Xi - L Xi , 
;=1 i=1 m+l m+1 l 

and its derivative with respect to y equated to zero gives 

m---1 n 

L W. = L Wi' 
;=1 m+1 

from which follow the inequalities, 

ffl n m-l n m n ti 

~ Wi > ~ Wj, L Wi < L Wl' or ~ W; > L Wi/2 > L Wl' 
i=1 m+1 i=1 m ,=1 m+l 

which then define the weighted mediano For the simpie median 
the derivative re due es to m - r = n - m, and the definition 

to m = n+r (r). 
2 

The application of the median can be extended from weight
ed observations to indirect observations (2). Edgeworth's method 
of median Ioei (12. 13) constitutes such a generaIization of LapIace's 
method of situation from the determination of the value of weighted 
observations to the determination of the parameters of Iinear 
observation equations. The procedure originally proposed was 
to determine for each parameter a Iocus which wouId contain 
the medians of the sets of vaIues of that parameter which would 
result from the substitution in the given set of observation equa
tions of any set of assigned values of the other parameters, and 
to Ioeate the point of intersection of the severai median Ioci. 
Given a set of observation equations, y; = a + b Xi: substitute 

(I) The proof of thc minimum dcviation property of the median 
by the elimination of enveloping pairs (8), as adapted to values of varied 
frequencies (9), will apply to the weighted median if weights are read for 
frequencies. 

(2) Thus Laplace applied it in the analytic solution he substituted 
for thc originaI graphic solution of BosC'ovich's method for the combina
tion of observations, the earliest method proposed to effect a definite 
disposition of the errors of indirect observation, namely, according to the 
conditions that the sum of the negative deviations should be equa l to the 
sum of the positive deviations, and that the sum of all the deviations, 
negative as well as positive. should be the least possible (10). Givcn a 
se~ of obs~rvation equations, Yi = a + b Xi. of weights, 'IiIi: the sum of 
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a series of values of b in the equations, determine the simple me
dian of the set of values of a for eaeh value of b, and piot this 
seri es of medians to form the a-Ioeus; substitute a series of val
ues of a in the equations and plot the resulting series of weighted 
medians of b as the b-Ioeus; loeate the intersection of the Ioei. 
For any number of parameters determine the; medians of eaeh 
mI" parameter for sets of assigned yalues of the other m - I para
meters; the set of m values which occurs identieally for all the 
parameters would be the required solution. 

The combination of observations by the method of median 
Ioei renders the sum of the absolute deviations a minimum. Let 
the set of linear observation equations, Yi = a + b Xi + ... , 
give deviations, yi - (a + b Xi + ... ), for some set of arbitrary 
values of the parameters, a, b; .. , whieh, when arranged in the 
order of magnitude, are negative including the equation k, and 
positive beginning with the equation k + 1. The sum of the 
absolute deviations is then 

n k 

L I Yi - (a + b Xi + ... ) I = L (a + b x, + ... - Yi) + 
;=1 ;=1 

.. ( n ~) + L (y; - a - b Xi - ..• ) = L yi - L Yi + (k - (n - k)) a + 
k+l k+l 1 

+ (i Xi - i Xi) b + ... 
l k+l 

The differentiation of this expression with respect to the para
meters, a, b, .. , ancl equation of the resulting parti al derivatives 

the observation equations l11ultiplied by their respective weigbts, divided 
by the sum of tbe weights, gives an equation, 

E !J)i y;/E Wi = a + b E !J)i x;fE Wj , 

which satisfies tbc- condition that the SUI11 of the algebraic deviations be 
equai to zero; tbe substraction of t his equa tion of condition from each of 
the originaI observation equations gi ves a set of secondary equations, 

(Yi - E 'l.f}i Yi/E 1J'Jj) = (Xi - E 111; x;fE 1f)i) b • 

which yield the weighted median oi b, which, substituted in the equation 
of condition, gives the weigbted median of a, satisfying the condition that 
the sum oÌ the absolute deviations be a minimum (11, 38). 

See also tbe observations oi Gini referred to by AMOROSO (Contributo 
al metodo delle minime differenze in « Giornale degli Economosti e Rivista 
di Statistica », nota I, pagg. 60-61) relative to the case of an interpo
lation curve depending from a single parameter. 
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to zero, shows that the determination of a paraqleter point where 
the simple or weighted medians nf the several parameters coin
cide is the generaI analytic condition for the least sum of abso
Iute deviations (1). 

The median loci which satisfy the generaI analytic condition 
with respect to the separate parameters may be most readily 
determined by the graphic method devised by Turner (14). The 
loci of the observation equations, yi = a + b Xi, are designated 
observation lines. The a-locus is a simple median locus, traced, 
if the number of observation lines is odd, by locating a median 
Hne segment by counting in a direction parallel to the a-axis 

from the l't to the (n ~ If Hne, and traversing a chain of such 

segments formed by the network of the intersecting observation 
lines, and, ii the number of observating lines is even, by locating 

an area betwee,p the (~f and (~ + 1 r lines and traversing a chain 

of such areas. The b- locus is a weighted median locus, traced by 
weighting the observation lines with the numerical values of the 
coefficients of b in their equations, locating a weighted median 
line segment by adding the weights of successive lines in a direc
tion parallel to the b-axis until aline is reached such that the 
relationships between the sum of the weights of the antecedent 

_1 

lines, ~ I Xi I, the weight of the Hne itself, I Xm I, and the sum of the 
<=1 

n 

weights of the succeeding lines, ~ I Xi I ' satisfy the inequalities, 
m+1 

m fJ. m-l n 

~I Xi I > ~ I Xi I, ~ I Xi I < ~ I Xi I, which characterize the weighted 
i=l ~m+1 i= 1 m 

median, and traversing the chain of such segments formed by the 
intersecting lines of the network. Where the mth line is inter
sected by the m + I t" line, the locus turns to the new Hne, if, 
when the sum of the antecedent lines remains unchanged, that 

n 

of the succeeding lines changes to ~ I Xi I, and the weight 
m,m+2 

(1) If a parameter have negative coefficients in certain of the obser
vation equations, the signs of aH the terms in such equations must be 
changed before summation of the observed values, substitution of the sums 
in the expression for the sum of the absolute deviations, and differentia
tion with respect to the particular parameter, in order that the weights 
wruch are to define its weighted median shall all be positive. 



73 

of the median line to I X m+1 I, the first inequality becomes 
m-1,m+1.. _1 n 

:E I Xi I > :E 'Xi' and the second remains L I Xi I < L I Xi I· 
;=1 m,m+2 i=1 m 

H, when, its members are reconstituted in this way, the first 
inequality is not satisfied, and the sign of their inequality is 
reversed, the locus continues to coincide with the m th line, and 

m+1 n m-1,m+1 " 
theinequalities become :E IXil> I: Ix;! and L Ix;\<:E IXil. 

;=1 m+2 i=1 m,m+2 
m--l,m+l n 

But if the inequality becomes an equality, :E IXil= :E IX;I, 
i=l m,m+2 

the locus follows neither line, but enters the sector between 
them, and occupies it as far as thè intersection which closes its 
area. Thus median pIane loci are broken lines, chains of linked 
areas, or chains of linked line segments and areas, formed or 
bounded by segments of the network of observation lines. The 
parameter point af the intersection of the loci, if it is singular, 
constitutes the final solution. But the loci may intersect in several 
points, coincide through one or more segments, or evell be identical 
throughout. The Ioci of observation equations containing more 
than two parameters are observation planes. Median spatial loci 
are therefore broken planes, chains of contiguous polyhedrons, 
or chains of polygonal pIane segments and polyhedrons, formed 
or bounded by segments of the network of observation planes, 
and may intersect in one or more points, or coincide through one 
or more line segments, pIane segments, or polyhedral spaces. The 
unsupplemented graphic solution will to the extent that the 
several median lo ci are concomitant be indeterminate. 

When the graphic method does not render a unique solution, 
the employment of a special analytic criterion (15, 16) is required 
to arrive at the final solution. The sum of the absolute devia
tions, D, from a given point, P (a, b, . . ), on the locus of a given 
observation equation, Ym = a + b Xm + ... , is 

n 

D = :E I yi - (a + b Xi + ... ) I == [(m - r) - (n -- m)l a + 
i=l 

(

m----l n) ( ti m -I ) + .1: Xi --- L Xi b + ... + l: Yi - l: yi . 
,=1 m+l m+1 1 

The ratio of the increment to the sum of deviations from a given 
point on the locus of a given equation, 
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~ D = [(m - I) - (n - m)] ~ a + ~ Xi - ~ Xi ~ b + 
(
m-l ") 

,=1 m+1 

for any set of parameter increments, ~ a, ~ b, .. , subject to the 
condition, ~ a + Xm ~ b + = 0, or from a given point not on 
the locus of an equation, 

~ D = [(k - (n - k)J ~ a + (.~ Xi - i: Xi) ~ b + 
'=1 k+l 

for any set of parameter increments, to the corresponding distance 
on the locus or in an unrestricted direction, ~ s = V ~2 a + ~2 b + ... , 
serves as a means toward a determinate solution when the ratio, 
~ D/~ s, is evaluated for successive segments of the median loci. 
The coefficients of the parameter increments, ~ a, ~ b, .. ,'in the 
numerator of the expression for ~ D/~ s are the algebraic diffet
ences between the sums of the algebraic values of the coefficients 
of the respective parameters in the observation equations of the 
lo ci antecedent to and succeeding the particular median locu!, 
and correspond to, or, when alI the coefficients are positive, equal, 
the sums of the absolute values of the coefficients obtained in 
determining the paths of the median loci (I). To apply the ana-

(I) , When the median ioci are observation lines, segments of the 
median lines themseives are to be tested by application of the increment 
ratio. With a median observation line represented by the observation 
equation, y", = a + x", b, as a resuit of the condition, 6. a + x",6. b = 0, if 
the parameter increment, 6. a = + x"" then the parameter increment, 
6. b = + I. Division of each parameter increment by the square root of 
the sum of the squares of the parameter increments wouid give the sine 
and cosine of the siope-angie, e, of the observation iine, or 6.' a = 

= Xm /VX",2 + 1 2 = sin e and 6.' b = - I/VX",2 + 1 2 == cos e, as parameter 
increments, the square root of the sum of the squares of which gives I as 
the denominator of the increment ratio. 

When the median ioei are observation pianes, the iines of intersection 
of the three intersecting median pianes represented by the observation 
equations, <1m = a + x", b +Ym c (\ = i, j, k), taken two at a time are , , , 
to be tested by application of the increment ratio. Each set of parameter 
increments wiU be a set of direction components of the line of intersection 
of two pianes, as 6. a = + (xm.Ym.- xm.y",.), 6. b = + (y",. - y",.) and 

-- '1 l' -, 1 
6. c = + (x",. - X",.). Division of each direction component by the square 

1 • • 
root of the sum of the squares of the severai direction components wiU 
give the direction cosines of the line of intersection of the two pianes. 
6.' a = + 6. a/V6.2 a + 6.2 b + 6.2 c, 6.' b = ± 6. b/V6.2 a + 6.2 b + 6.2 c, and 
6.' c = ± 6. e/V 6.2 a + 6.2 b + 6.2 c, as the set of parameter increments. tbe 



75 

lytic criterion, test the segments of the median lo ci radiating 
from the points of intersection of the median loci, and seg
ments of cancomitant median laci, so as to eliminate points 
and segments trom which there is any path of departure with a 
negative ~ D/~ s, and arri ve at a point, or a segment of zero 
ratio, located or delimited soleIy by Ioci with positive ~ D/~ s's. 
Such a parameter point represents a determinate solution. The 
anaIytic criterion will by its sign indicate the direction to points 
on the median locus giving larger or smal1er deviations sums 
except in the case of a segment for which all the coefficients of 
the parameter increments are zero. The final solution will be 
left indeterminate within the interval of such a segment, if the 
segment is a Ene segment intersected, or an area or space seg
ment bordered, by segments giving positive ratios for all out
ward directions. Only if the observation equations represent a 
system of parallel lines or planes, which can occur only if all the 
sets of the observed values of the independent variables are iden
tical for all the observed values of the depenclent variable, will 
no solution exist. 

The solution obtainable by the graphic methocl, supplemented. 
if ne ed be, by the analytic criterion, can likewise be obtained by 
the exclusively analytic methocl developed by Rhodes (17). Select 
any member of the set of observation equations, solve it for the 
first parameter, substitute this value in each of the remaining 

squ::<re root of the sum of the squares of which gives I for the denominator 
of the increment ratio. The coefficients oi the par8 meter increments are 
the rtifferences ai the sums of the coefficicnts of the respective parameters 
in the observation equations antccedent to ane! succeec!ing either of thc 
two intersecting observation planes. 

vVhen three observation pIan es or surfaces intersect, ii dsewhere in 
the region of the intersection than at the intersection itself two planes 0:

suriaces are alwa ys on the same side of the thirc1 and median piane or surface, 
the median pIane or surface is 8Iw;]ys on one and the sctme extreme of the 
three intersecting planes 01 surfaces, and the median locus traverses the 
three iaces. which form il trihee!ron with its conca ve aspect on the side of 
the median planes apposite to the two remaining pIa nes. But, ii eIsewhere 
in the region of the intersection thél n a t the intersection ìtself the two 
remaining planes or surfaces are ,dways on apposite sides of the median 
pIane or surface, the median piane or smface is aIways thc midmost of the 
three intersecting pl.tnes or surfaces. ane! the mee!ian Iocus traverses the 
six middIe sectors formce! when a thire! pIane cuts across two intersecting 
planes. 
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equations, and determine the weighted median of the second 
parameter. Substitute the observation equation from which 
this weighted median was derived for the observation equation 
initially selected, and repeat the procedure to identify a third 
observation equation. Continue until two observation equations, 
either of which will lead to the identification of the other, are 
isolated. Their simultaneous solution gives the required values 
of the parameters. For the extension of the method to m para
meters, select m - I observation equations in the course of the 
successive elimination of the first m - I parameters, and identify 
an mi" equation which gives the weighted median of the mt" para
meter on the line the m - I equations determine in m-dimensionai 
space. Substitute this equation for one of the equations origi
nally selected, and repeat the procedure. Continue until m equa
tions, any m - I of which will identify the mth, are segregated. 
Determine their simultaneous solution (I). The combination of 
indireet observations by the method of median Ioei is the method 
of least deviations in the dependent variable. 

The combination of implicit functional observations so as to 
render the sum of their absolute deviations a minimum consti
tutes an extension of the application of the median locus from 
linear observation equations to polar observation equations. Let 
the set of equations of polar vectoriai epicycloids, x. cos IX + 
+ yi sin IX = p, give deviations, Xi cos IX + y. sin IX - p, for a set 
of arbitrary values of the parameters, IX, p, which, arranged in the 
order of magnitude, are negative including equation k, and po
sitive beginning with equation k + I. The sum of the absolute 
deviations is then 

n k 

~ I Xi COS IX + yi sin IX - P I = ~ (p - Xi COS IX - y. sin IX) + 
;=1 i=1 

(I) If the final solution be indeterminate within aline segment, two 
equations wiIl severally identify a third, yet the third will not identify 
either of these two, but merely inclicate them as defining the limits of an 
identifiec1 interval; if within an area, any one of three or more equations 
will indicate two. other equations; if within a pIane segment, a number 
of different sets of m - I equations will alI i(!entify the same mi" equation. 
yet replacement of one of the equations in any such set by this equation 
will not identify the equation for which it was substitut~d, but merely in
dicate a pair of equations; and if within a volume, a number of different 
sets of m - I equations will each indicate two addltional equations. 
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IO ( .. k) + 1: (Xi COS IX + y. sin (J. - p) = :E Xi - 1: x. cos (J. + 
k+1 i=k+1 1 

+ (i y. - f y.) sin (J. + [k - (n - k)] p o 
k+1 1 

Differentiate this expression for the Sum of the absolute deviations 
with respect to the radius vector, p, and equate. the resulting 
parti al derivative to zero: 

il IO 

- 1: l Xi COS (J. + y. sin (J. - p I = (k - (n - k)) = O o 
il p ;=1 

This derivative is the generaI expression for the simple mediano -
Differentiate the expression for the SUfi of the absolute deviations 
with respect to the vectorial angle, (J.: 

il n 
-- 1: I Xi COS (J. + yi sin (J. - p I = 
il (J. ;=1 

= (~ X; - i Xi) sin (J. +( i: yi - f y.') cos (J. o 
;=1 k+1 k+1 1 

As the vectorial angle varies, the radius vector, which satisfies 
the condition defined by equation of the partial derivative with 
respect to the radius vector to zero, describes a simple median 
locuso As this locus is traversed, the value of the parti al derivative 
with respect to the vectorial angle varies. That polar parameter 
point on the p-locus where the sign of the (J.-derivative changes 
from minus to plus, while the sum of the absolute deviations pre
ferentially remains greater than zero, represents the required 
solution. 

The locus of the radius vector may be determined for discrete 
vectorial angles by the method of substitution, or in its continuity 
by the graphic method (I). The polar vectorial epicycloids which 
are the loci of the polar observation equations are designated 
observation curves. The p-locus is then a siriIple median locus, 
traced, if the number of observation curves is odd, by locating a 

(
n + I)lh median arc by counting from the l't to the -2- curve as the 

curves inters~ct a polar ray at points other than the origin, which 

(I) The construction is merely a ma tter of plotting the point (~, 22...) 
2 2 

as center. and drawing a circ1e through the origino 



is excluded since it is indeterminate with respect to the vectorial 
angle, and traversing the circuit oi such arcs formed by the net
work ,of intersecting observation curve s, and, ii the number of 

observations is even, by locating ari area between the (~r and 

(~ + I r curves and traversing the circuit of such areas. The locus 

is a closed chain of arcs, intersecting in salient points, and formed 
by segments of the network of observation curves, or a closed chain 
or polar cluster of areas bounded by such segments. 

The derivative with respect to the vectorial angle may be 
evaluated for successive salient points or linkages on the p-locus. 
If the number of observations is odd, and the median locus follows 
the arc of tbe m/h observation curve, the summations of the coeffi
cients in each term of the derivative extend from m + I instead 
of irom k + I, and to m - I instead of to k. The evaluation of 
the derivative at successive salient points or vertices requires the 
determination of the vectorial angles of the intersections of the 
arcs or the linkages of the areas composing the median locus. 
The vectorial angle of the intersection of two polar vectorial 
epicycloids which are the loci of observation equations i and j, 

d . d f h . sin ti. Xi - Xi enve rom t e expresslOn, tan ti. = -- = - , 
cos ti. Y. - Yi 

obtained 

in their simultaneous solution, is ti. = tan- 1 Xi -- Xi in the qua-
yi -Yi 

drant oi their graphic intersection, or the quadrant for which, 
when the values of cos ti. and sin ti. are substituted in equations i 
and j, the resulting values of p are positive and equal. At a ve c
toriai angle where the derivative is negative, the sum of the abso
Iute deviations decreases as the angie increases; where the deri
vative is positive, the deviations sum increases as the angle in
creases. The derivative is therefore evaluated for both proxi
mal and distaI. branches of the median Iocus at successive salient 
points or linkages until an intersection is identified, preferentially 
at a point other than the origin, where the sign of the derivative 
is minus for the proximal branch and plus for the distaI branch. 
The values of cos ti. and sin ti. for the vectoriai angie of this inter
section are substituted in the equation of either of its Ioci which 
is solved for p. This in generaI constitutes the complete and 
final solution. But in the event that more than one such inter-
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section at points other than the origin occur, the sum of the abso
Iute deviations is evaluated for each intersection and the polar 
parameter point giving the least deviations sum greater than 
zero selected. The final solution will be completely determi
nate unless there be two or more such such points giving equal 
deviations sums in which case the solution will not be unique but 
will be any of two or more alternative line~. 

For a set of equations of polar vectorial epispheroids, 
Xi cos IX + Yi COS ~ + Zi COS Y = p, the expression for the sum of 
the absolute deviations becomes 

.. ( n k) 
'~1 I Xi COS IX + yi COS ~ + Z; cos y - p I = 1=~~1-l Xi - ~ Xi COS IX + 

+ (i: yi - ~ Yi) COS ~ + (s Z, - ~ Zi) COS Y + (k - (n - k)) p. 
,k+1 1 k+1 1 

Differentiation with respect to p gives the same partial deriva
tive as withpolar vectorial epicycloids and its equation to zero 
defin~s a simple median locus of the observation surfaces. The 
number of vectorial angles involved in the equation of a polar 
vectorial epispheroid can be reduced by means of the condition, 
cos2 IX + cos2 ~ + cos2 Y = I, to two essenti al angles. Thus if 

V I - cos2 IX ~ cos2 ~ is substituted for cos y in the equations 
prior to differentiation, the partial derivati ves with respect to oc 
and ~ become 

a n ~ 

-- :E I Xi COS IX + yi COS ~ + Zi VI -~ COS2 oc - COS2 ~ - p I = 
il IX i=l 

= :E Xi - :E Xi sin oc + :E Zi -- :E Zi --~, ( k ") ( n k) sin 2 IX 

.=1 k+1 k+l l 2 COS Y 

( 
k ") ( n k) sin 2 ~ :E y. - :E yi sin ~ + :E Zi -:E Zi --- • 

• =1 k+l k+1 l 2 COS Y 

To this set of partial derivati ves with respect to the two vectorial 
angles, IX and ~, remaining on elimination of y, the respective 
members of which may be denoted as <I> a (y) and <l> j3 (y), corre
spond two other sets of parti al derivatives with respect to the 
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angles remaining on elimination of ~ and of IX, the members of which 
.may be denoted as 4> a. (fl), 4> v (~) and as 4> (3 (a.), 4> y (a.). The cosines 
of the vectorial angles of the intersection of three polar vectorial 
epispheroids which are the Ioei of observation equations i, j, and 
k, are given by the following generaI expressions: by subtrac
tion p is eliminated and two homogeneous linear equations in 
three unknowns are obtained, and by cross multiplication the 
ratios cos IX: cos ~: cos Y in terms of the coeffieients of the 
h'omogeneous equations are determined; then, denoting these 
ratios by the auxilliary symbol, k, 

cos IX = ((Yi - Yi) (Zi - Zk) - (y. - Yk) (Zi - zi)) k, 
cos fj = ((Zi - Zi) (Xi - Xk) -- (Zi - Zk) (Xi - Xi)) k, 

cos Y = ((Xi - Xi) (Yi - Y/<) - (Xi - Xk) (Yi - Yi)) k, 
and, substituting in the equation of condition, 

-~~--~--~~-------

k = I!V((Yi-Yi) (Zi--·Zk)-(Yi-Yk) (Zi-Zj))2 + ((Zi-Zi) (Xi-Xk)-

- (z. -Zk) (Xi - Xi))2 + ((Xi - Xi) (y, - Yk) --.:. (Xi - Xk) (Yi - Yi))2. 

The intersection where the signs of alI the members of the complete 
set of six parti al derivatives, 4> fI. (fI), 4> a. (v), 4> (3 (a.), 4> (3 (v), et> y (a.), 

4> v «(3), change from minus to plus as the respective vectorial angle 
of each increases constitutes the solution. The combination of 
implicit functional observations by the method of the median 10-
cus is the method of least normal deviations. 

The methods of median Ioci and of the median locus can with 
slight modifications be extended to weighted observations. If the 
members of a set af indirect observations are of unequal weights, 
Wi, to render the sum of their weighted absolute deviations, .. 
~ w. I y. - (a + b - Xi + ... ) I , a minimum, involves weighting 

i==} 

the observation lines or planes, plotted indifferently for either 
the unweighted or the weighted linear observation equations, 
with the weighted dependent variable and weighted coeffieients 
of the parameters, Wi y., Wi, W, Xi, •. , and using sums of their nu
merical values in traeing median loei and of their algebraic values 
in evaluating increment ratios and deviations sums (I). If the 

(I) The sum of the weighted absolute deviations in the depenòent 
variable is 

n (m-l ") 
Dw(y.x •.. )= ~ '1J!iIYi--(a+bxi+"')!= ~ Wi-- ~ Wi a+ 

i =01 i = 1 m+l 



members of a set of implicit functional observations are of unequal 
weights, to render the sum of their weighted absolute deviations, 

fI 
such as ~ w.1 Xi cos Cl + y. sin Cl - P I, a minimum, involves 

;=1' 

weighting the observation curves or surfaces, plotted for the un
weighted polar observation equations, and tracing their weighted 
median locus, and using sums of the weighted coefficients in eval
uating deviations sums and their partial derivatives with respect 
to the vectorial angles (I). 

The methods of least normal deviations and of least devia
tions in the dependent variable are related as methods for the 
combination of simple observations and of weighted observations. 
The sum of the deviations in the dependent variable is equal 
to the sum of the perpendicular distances, from a rectangular coor
dinates parameter point to the several observation lines or planes, 
each weighted by the square root of the sum of the squares of the 

+ ("'i;1 'W, Xi - ;; Wi x,) b + .. , + (;; Wi Yi - "'i;1 W; Yi), 
1 ... +1 ... +1 1 

and its increment ra tio, 

[(_l ") (_1 ,. ) 
I1D / = ~ W'- ~ w' 11 a + ~ W' x'- ~ W' x' 11 b + 

U' tls t ~ t " "' l 
i=1 m+1 1 m+1 

+ ., ,]!JI112 a + 112 b + .... 

(I) The sum of the weighted absolute norma l deviations 

n ( fI 
Dw(x, Yl = l: Wi l Xi COS CC + Yi sin (1( - p l = l: Wi Xi-

1=1 l=m+1 

11>-1) ( " 11>-1) (_1 - l: Wi Xi cos CC + l: Wi Yi - ~ Wi Yi sin cc + l: Wi-
1 m+l 1 1 

" ) ( fI 11>-1) ( n - ~ Wi P = l: Wi Xi - l: Wi X, COS CC + l: Wi Yi -
m+l m+l 1 m+l 

11>-1) (11)-1 ") - ~ Wi Yi sin cc + l: Wi-- l: Wi (xm COS cc + Ym sin cc), 
1 1 m+1 

and its partial derivative, 

-- = l: Wi Xi - l: Wi X, sin cc + l: Wi Yi - l: Wi Yi COS cc + è) Dw (_1 fI) ( " 11>-1) 
Ì) cc • = 1 ",+1 m+1 1 

(
11)-1 ") + l: W; - ~ Wi (Ym cos cc - x m sin cc). 

1 ",+1 
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coefficients of the parameters in its respective observation equa
tion, as 

If eache perpendicular distance is regarded as the projection of the 
line segment, parallel to the axis of, and representing the devia
tion in, the dependent variable, the deviation in the dependent 
variable, which may be designated the inverse projection of the 
perpendicular distance, will equal the perpendicular distance mul
tiplied by the secant of the angle between the perpendicular and 
the axis of the dependent variable. Deviations in the dependent 
variable are inverse projections of normal deviations. The sum 
of the uniformly weighted normal deviations, 

Ll",(x,y,z, .. ) = I: I (ù (Xi COS ex + yi COS ~ + Zi COS Y + ... - p) I , 
will therefore equal the sum of the deviations in the dependent 
variable, as Dz.x,y, .. = I: I Zi - (a + b Xi + C yi + ... ) I, if their 
weights are the secant of the angle between the normals and 
the axis of the dependent variable, as (ù = sec '(, and will equal the 
least sum of deviations in the dependent variable if their sum when 
so weighted is rendered a minimum (I). Only one set of polar ob
servation equations, 

x. cos ex + Y. cos ~ + Zi COS Y + ... - p(x.,y.,'., .. ) = O, . , , 

(I) The sum of the normal deviations oi uniformly weighted obser
vation equations, 

" ~",(x,y) = ~ j c.> (Xi COS OC + Yi sin oc - p) I ' 
i=1 

equals the sum of the deviatlons in the dependent variable, X, when 
c.> = sec oc. The sum of the uniformly weighted normal deviations and of the 
deviations in the dependent variable, 

n n 
D".y = ~ I sec OC (Xi COS IX + Yi sin IX-p) I = ~ I Xi + Yi tan IX-

;=1 l 

- P sec IX I = (~ Xi - "'i'1 Xi) + (~ y, - "'i'1 Yi) tan IX + [(m-l)-
m+l l ",+1 l 

- (n - m)] p sec oc, 

and the partial derivative of the sum of the uniformly weighted normal 
deviations from the median locus with re'lpect to the vectOlial angle, 

i') " ( " _1) - ~ I X, + Yi tan IX - P sec oc I = ~ Yi - ~ y, sec2 oc. 
() oc ';=1 .m+l l 



exists for any set of observations involving a given number of 
variables, but, since any variable may be treated as the dependent 
variable, as many possible sets of linear observation equations, 

Xi = a(",.y,z, •• ) + Yib(Z,,, •• , .. ) + ZiC(z, •• y, •. ) + ... , 
Yi = a(y.r,., .. ) + x.b(y,z .• , •. ) + ZiC(y",z, •. ) + ... , 
Zi = a( •• z,y, .• ) + Xi b(.,,,,.,,, .. ) + Yi c(.,y .z,:.) + ... , 

... , 

... , 

... , 

With individually weighted observation equations, 

" ~(Ow(""y) = l: I (ù Wi (.~; cos oc + Yi sin ex - p) I, 
;=1 

(
n _1) (" _l) 

Dw(z.y) = . 1: W; Xi - 1: Wi Xi + 1: Wi Yi - 1: Wi Yi tan ex + 
.=m+1 1 ... +1 1 

(

_1 n) + 1: Wi- 1: Wi. (X", + Ym tan IX), 
1 m+1, 

and 

_il_ ~ I Wi (Xi + Yi ian oc - p sec oc) I = [( ~ wi Yi - "il Wi Yi) -
iJoc i=l m+1 1 

-Ym ("il Wi - ~ Wi)] sec2 
IX. 

1 m+1 

The sum of the uniformly weighted norma! deviations equals the sum 
of deviations in the dependent variable, y, when (ù = csc a : 

and 

n ti 

Dy. z = 1: I csc IX (Xi COS oc + Yi sin oc - p) I = 1: I Xi cot oc + 
;=1 1 

(

n_l ) ( ti _1) + Yi - P csc IX I = 1: Xi - 1: Xi cot OC + 1: Yi - 1: Yi + 
... +1 1 ... +1 1 

+ ((m - l) - (/1 - m)] p csca, 

il ti (_1 n) 
-- 1: I Xi cot ex + Yi - P csc IX I = 1: Xi - 1: Xi CSC2 OC • 
() ex ;=1 1 m+l 

Similarly the sum of the uniformly weighted normal deviations, 
ti 

~(O (x, y ,z) = 1: I (ù (X i COS OC + y, cos f3 + li i COS Y - p) I , 
i=1 

equals the sum of deviations in a dependent variable, as z, when (ù equals 
the secant of the corresponding vectorial angle, as y, when 

n 
D •. z,'Y = 1: I sec Y (Xi COS OC + Yi COS f3 + Zi COS Y - p) I 

;=1 

" I cos a. cos (3 p I 
= 1: Xi -- + Y; -- + Zi - -- • 

1 cosy cosy cosy 
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exist as the number of variabies. The solution by the method 
of Ieast normai deviations will mediate between the respective 
solutìons by the method of Ieast deviations in the several alterna
tive dependent variabies by rendering the sum of the normal de
viations themseives, in contradistinction to the sums of the in
verse proj ections of the normai deviations on the axis of a depen
dent variabIe, or of the normal deviations weighted with the se
cant of the angle between the normais and the axis, as 

D x . y", ... ,= ~ I sec Cl (x, cos Cl + Y. cos ~ + Zi COS Y + ... - p) I ' 
D,.x,., ... = ~ I sec ~ (Xi COS Cl + Y. cos ~ + z, cos y + ... - p) I, 
D •. x,y, ... = ~ I sec y (Xi COS oc + y, cos ~ + Zi COS Y + ... - p) I ' 
a muumum. The method of Ieast deviations in a dependent var
iabie is a method of weighted Ieast normai deviations. 

3. MEAN LOCI OR LEAST SQUARES. 

The originaI method of Ieast squares, of Legendre (20) and 
Gauss (21), for deviations in the dependent variabIe, depends upon 
partiai derivati ves with respect to the severai parameters, which, 
when written iv. the form, 

/a :E (zi-(a+b xi+ cy,+ ... ))2 = ~ (z,-(a+x;b+y,c+ ... )) = O, 

dd
b 
~ (zi-(a+bx,+cy.+ ... ))2 = ~Xi(z;-(a+xib+YiC+ .. . )) = O, 

_d_ ~ (z;-(a + bx; + cy,+ .. . ))2 = ~ Yi(zi-(a+x.b + y,c + ... )) = O, 
de 

clearly represent weighted sums, and are proporzionaI to weighted 
arithmetic means, obtained for each derivative by weighting the 
observations with the coeffìcients of its respective parameter (12). 
The simultaneous solution of the normal equations is equivalent 
to the intersection of the Ioci of the weighted sums or arithmetic 
means. Thus the method of Ieast squares in the dependent var
iabie is the method of mean Ioci. 

The method of Ieast squared normai deviations, introduced 
by Pearson (22) as the method of closest fit (I), is the method of 

(I) The derivation advanced by Pearson (22) was based on analytic 
mechanÌcs and related to frequency surfaces for correlated variables. A 
direct analytic delivation was given by Reed (23) for the straight line. 
The analytic derivation for any number of variables was modified by 
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the mean locus. Differentiation of the sum of the squared nor
mal deviations with respect to p, division of the partial derivative 
by twice the number of observations, and equation to zero, gives, 
in the special case of two variables, 

a ~ ( ')2 ~ Xi ~ Yi . o 
--...- Xi COS IX + yi sm IX - P = -- COS IX + -- SIn IX - P = . a p n.n 

Silow (24) to apply to restricted lines and planes passing through a fixed 
. point or points where the values of aH the varia bI es are exactly known, 
and by Glauert (25) to apply to lines and planes connecting variables equally 
liable to error associated with variables the values of which are exactly 
known. Finally a generalized derivation was elaborated by Rhodes (26) 
bor variables not equaUy liable to error. 

The slope and position of thc straight line was determined by Pearson 
from the expression for the directions of the principal axes of inertia calcu
lated for the centroid appropriated from anaIytic mechanics. The 
c1aims of Ieast squared norma I deviations had originaHy been argued much 
earlier from considerè'.GlOnS oi statics (The Correet Method 01 Least Squares, 
(, Analyst », I: 64 (1874)) and of geometrical probability (Note on the Method 
01 Least Squares, idem, 4: 183-184 (1877), 5: 21-22 (1878)) by R. J. Ad
cock 'who sought explicit expressions for the parameters in the equation 
of the line, y = a + b x, which wouId render the squared norma I deviations 

sum, 1: (Yi - a ~2b Xi)2 , a minimum (A Problem tn Least Squares, ibid .• 
1 + 

53-54), and indicated a procedure for determining the parameters in the 
equation of the pIane, z = a + b x + c y, which wouId render the squared 

(z·-a-bx·-ev·)2 
nmmal deviations sum, 1:' b

2 
• 2 • , , a minimum (Ibid., 122, 

1 + + e 
149-150). A generaI solution of obs('rvation equations in which w"i is the 

weight of .'\'i, and wYi the weight of Vi, by the method of least squares had 

been given by C. H. KUMMEL (Reduetion 01 Observation Equations whieh 
Contain lUore than One Observed Quantitv. idem, 6: 97-105 (1879)) and 
implemented by explessions for the parameters in the equation for the 
straight Ii ne which wouId render the generalized squared deviations sum, 

.... (Vi - a - b X;)2 . . 'd h d' . th t th . ht "-' I bZI ' a mlnlmUm un er t e con IÌ10ns a e welg s 
I WYi + W Xi 

are different in each observation equation and their ratio is constant in aU 
observation equations; as O < w". ~ 00 , wy • = k (ii"., so that if x is taken to • • • 
be exactly known and V to be liable to error, w". = 00, and k = wy./w". = O, • • • 
and the parameters have the values obtained by the originaI rnethod of 
least squares when V is treated as the dependent variabIe, if x and V are 
taken to be equally liabie to error. and the observation equations of equal 
weight, wx . = w y . = I and k = I, and they ha ve the values obtained from , , 
the corrected forms of Adcock's expressions, and if V is taken to be 
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The p-locus is therefore the mean polar vectorial epicycloid of 
the set of observations. Differentiation of the squared deviations 
from, the mean locus, obtaÌned by substituting its mean value 
for p in each of the observation equations, with respect to a., 
gives tue derivative, 

òÒa. L ((Xi -=- I;n
Xi) cos CI. + (Yi - L:i) sin Cl.r. 

exactly known and % to beliable to error, wy . = 00, and k = 00, the values , 
by the method of least squares when % is the dependent variabIe, and by 
M. MERRIMAN (The Determination, by the M ethod 01 Least Squares, of the 
Relatt'on between Two Variables, Connected by Ihe EquaNon Y = A X + B, 
Both Variables being Liable to Errors 01 Observation, (, Rep. U. S. Coast 
& Geod. Surv.", 1890: 687-691) (1891)) unde! the more restricted condi
tions that bùth the weights and their ratios in all observation equations 

are constant, or wy = l and w'" = -~ = 00, I, and O respectively. The gen

eraI solution was later resta ted independently of the predecessors and 
successors of Pearson and applied to specific. problems by M. R. STEWART 
(The Adjustmenl 01 Observations, (' Phil. Mag.», 6th, 40: 219-222, 224-227 
(1920)), and its development for the straight line comprehensively eia bo
raterl by H. S. UHLER, (Method 01 Least Squares and Curve Fitting, ('J. Opto 
Soc. Amer. & Rev. Sci. Instrum. », 7: 1043-1066 (1923)) who later gene
ralized and extended Pearson's derivation for planes (Determination 01 
Ihe l\ilinimum Piane in Four-Dimensional Space with Respect lo a System 01 
Non-Coplanar Points, (, Phil. Mag. », 6th, 49: 1260-1271 (1925)), and for
mulated a basic theorem concerning the Least Dislance Irom a. Point fa a 
Linear (n - k) Space, Both in a Linear n-Space, «, Ann. Math. », 27: 
65-68 (1925)). Andfinally, following Stewart and Uhler, the derivations of 
Snow, GIauert, and Rhodes were in effect placed on a more generaI 
foundation, reproduced, and widely extended by W. E. DEMING (The 
Application 01 Least Squares, (, Phil. Mag. o>, 7 th, II: 146-158 (1931), 17: 
804-829 (1934))· 

Prompted by Reed's derivation. C. GINI (Sull'interpolazione di una 
retta quando i valori della variabt'le indipendente sono affetti da errori accidentali, 
« Metron », I (3): 63-82 (1921)) by algebraic treatment of the errors of a 
Iarge number of observations also derived expressions for the parameters in 

the linear equations, y = a + b % and % = C~ ) + -;;- y, as in turn did 

G. PIETRA (Interpolating Piane Curves, idem, 3 (3-4): 3II-328 (1924); 
Dell' interpolazione parabolica nel caso in cui entrambi i valori delle variabili 
sono affetti da errori accidentali, idem, 9 (3-4): 77-86 (1932)) for the para
meters in the parabolas, :)' = a + b % + C %2 and % = a + by + C y2, for 
any ratio of the weights of the variables. 

The mathematical derivations for two variables connected with the 
methods of least squares for deviations in the dependent variable and for 



whieh, on equation to zero and ,simplifieation, re due es to 

2 (~ (~ Xi) (~Yi)) 
..., Xi Y. - n tan- 1 

(1.= 

2 

tan- 1 2 pXY 
or, divided by n, to (1. = -- , if pxy is the produet-

2 crx2 - cr,,2 

normaI deviations were comprehensively elaborated by W, WIRTH (Spe
zielte psychophysische Massmethoden, « Handbuch der biologischen Arbeits
methoden », her. E'. Abderhalden, Berlin, 1920, VI, A, I: 5-15, 71-81, 
105-117, 126-142, 145-146) in the statistica l setting of linear equations of 
regression and of the representation 6f relationship, and the theoretical 
concepts involved cleveloped in a criticaI discussion by E. eZUBER (Zur 
Theorie der linearen Korrelation, « Arch. f. d. ges. Psychol. I>, 41: 310-334 
(1921)) and a rejoinder (Bemerkungen zu der vorangehenden Abhandlung 
von Herrn Prof. E. Czuber, uber die Theorie der linearen Korrelatz"on, ibid., 
334-352). The statisticai connotations were further elucidated by S. KOL

LER (Die Analyse der Abhdngigkeitsverhdltnisse in zwei Korrelationssyste
men, « Metron l>, 12 (4): 73-105 (1936)) under the categories of correiation, 
regression, a nd the representa tion of the rela tionshi p tha t !ies a t the foun
dation of the correlation system. The line for the representation of re
la~ionship had the disadvantage that it is not independent of the seIec
tion of the units of measurement of the correlates, bu might be made in
dependent of the selection of the units of measurement of the correlates 
by taking their standar deviations as the fixed comman unit of measure
ment, as had previously been dane as a speciaI case under Rhodes' generaI 
solution ("26). Thus, if the variates Xi and Yi are cliviclecl by their standard 
cleviations, the denominators in the expressions in the text far tan 2 oc 
equai 0, tan 2 IX = + 00, 2 IX = 90° or 270°, IX = 45° or 135°, ane! cos oc = 
+ 0.707II, sin IX = 0.70711, tan IX = + I, so that the finai explicit equa-

tion is ~ = ± x -- mx accorcling to whether the numerator is posi-
O'y O'x 

tive or negative. 
The fact that the meth~cl (lf least squared norma l deviations is not 

independent of the choice of a particular coordinates system became the 
point of cIeparture for the clerivation of il methocl of least squarecl clevia
tions inclependent of a coorcIinates system outIinecl by C. F. Roos and 
A. OPPENHEIMER (A Symmetric Jl,Iethod oj Fltting Lines and Planes, « Bul. 
Amer. Math. Soc. I>, 34: 140-141 (1928)) ancI developed by C. F. Roos 
(A General Invariant Criterion oj Fit jor Lines and Planes Where Alt Varia
tes are Subieet to Error, « Metron l>, 13 (1):' 3-20 (1937) l. For the set of 
observations, (Xi, Yi), af weights, 'ifJi. aneI the line, a ;1' + by + e = 0, the 
most generaI function, ~ Wi ti (Xi, Yi, a, b, c), which remains invariant 
under homogem;ous strain, translation, ancl rotation is ~ UJj I a Xi + b Yi 
+ ciP, where p is any number. but specificaIly 2, which is made subject 
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moment and ax and a" are the standard deviations, in the quadrant, 
letting 0° < ex <360°, for which, when cos ex and sin ex are sub
stitut~d in the equation of the mean polar vectorial epicycloid, 
p is positive. In the generaI case of any number of variables par
tiaI differentiation of the sum of the squared normal deviations 
with respect to p gives 

a . . 
-- l:: (XI COS oc + Yi COS ~ + Zi COS À + ',' . - 1')2 = a p 

~ X, l:: y. ~ z, 
= -- cos oc + __ a cos ~ + _I COS Y + ... - p = o . 

n n n 
Hence the p-Iocus is according the number of variables the mean 
polar vectorial epicycloid, epispheroid, or epihyperspheroid of the 
observations. Substitution of the mean vaIue of p from the equa
tion of its locus in each of the observation equations, differentia
tion of the sum of the resulting squared deviations from the p-locus, 

~ ((XI- ~:,) cos ex + (Y; _l:::i) cos ~ + (z, _ ~:,) cos y + ... )2, 

with the condition equation, cos2 oc + cos2 ~ + cos2 Y + ... = I, 

multiplied by an undetermined coefficient, x, added, or 

~ ((XI_l:::i
) cos oc + (Yi _l:::,) cos ~ + (Zi _ l::;i) cos Y + ... )2 

+ X (cos2 ex + cos2 ~ + cos2 Y + . . . - I) , 

to the condition that 1: w.1 a xi + b Yi + ciP is the sum of the distances 
in the direction, tan ex = Wx;fW"i = k, where Wyi and w;<; are the respecti ve 
weights of Xi and Yi, and is implemented with an explicit generaI solution 
and explicit solutions for its special cases. The method is extended to 
planes and hyperplanes. Geometrical interpretations of Roos' generaI 
solution and some of the special cases and demonstrations of its property 
of invariance under transformations of the coordinates were advanced 
by H. E. J ONES (Some Geometrical Considerations in the General Theory 
01 Fitting Lines and Planes, ibid., 21-30). 

Though formula e were available for the determination of the linear 
relationship between two variables for any absolute and relative weights 
of the variables, sanction was lacking for the assumption of otherthan the 
values of unity and infinity as the weights and of the resulting values of 
zero, unity, and infinity as the ratios unti! an approach was made by 
W. R. COOK (On Curve-Fitting by means 01 Least Squares, idem, 71", 12: 
1025-1039 (1931)) and by BERYL M. DENT (On Observations 01 Points 
Connected by a Linear Relationship, « Proc. Phys. Soc .• ), 47: 92-106 (1935)) 
to methods for deriving from the data an indication of the relative weights 
to be attached to the variables and of the errors of the resulting parameters. 
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with respect to the cosine of each of the vectorial angles, and equa
tion of the partial derivatives to zero, give 

(I: ((Xi - I:nXi) cos o: +(Yi - I::,) cos ~ + (Zi - ~nZi) cos y + .. .) 

(Xi - I:nXi)) + x cos o: = O , . 

(I: ((Xi - I:;i) cos o: + (Y; - I:,;'Vi) cos ~ + (Zi - I:nZi) cos y + ... ) 

(Yi - ~:.)) + x cos ~= O, 

(I: ((Xi - I:nXi) cos o: + (Y; + ~;,,) cos ~ + (Zi - ~nZ;) cos y + .. .) 

(Zi ~ I: :i)) + x cos y = O , 

Multiplicationof each of these equations by the corresponding 
cosine, and addition of the several equations with regard for the 
condition equation, gives 

+ (Zi - I:nZi) cos y + .. J) + x = O . 

The undetermined multiplier is therefore the negative of the 
squared-deviations sum at the sets of criticaI values of the cosines 
oi the vectorial angles. On letting the negative of the squared
deviations sum be denoted by the negative of the undetermined 
multiplier, the equations become 

((I: (Xi - I:nXi)) - x) cos o: + (I: (Xi - I:;i) (Yi _ ~:i)) cos ~ + 

+ (I: (Xi - I:;i) (Zi - I:nZ,)) cos y + ... = O , 

(I: (Xi - I:;,) (Yi __ , I: :i)) cos o: + ((I: (Yi - I::,y) - x) cos ~ + 

+ (I: (Y - I::i) (z _ I::i)) cos y + ... = O , 
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(( :E Xi) ( :E Zi)) ((:E Yi) ( :E Zt) :E Xi -- n Z,; --n cos rx + :E yi -n Z. --:- n cos f3 + 

+ ((:E (z; - :EnZir) - x) cos y + ... = o , 

Simplifying the coefficients, the eliminant of the cosines of the 
vectorial angles is the determinantal equation, 

(:EXi2- (:E=,;)2) -x :EXiY';- (:EXi~(:EYi) :EXiZ,;- (:EXi~(:EZi) ... 1 

:Ex; y,; _ (:E Xi)~:E y,;) (:E y.2 _ (:E ~,;)2) _ x :E y. Zi _ (:E Y,;~(:E Zi) .. . 

:EX,;Zi- (:EXi~(:EZi) :EYiZ,;- (:EYi~C~~Zi) (:Ez/- (:E :i)2) -x ... = o, 

the smallest root of which is the least squared-deviations sum, or, 
on transforming this equation into an equation the roots of which 
are the roots of this equation divided by n, the elimina~t of the 
cosines is the determinantal equation, 

al - ( : ) PXY pxz 

pxy al - ( : ) Py> 

px. PYZ a.2 
- ( : ) 

=0, 

: : : :1 
! 

•••• 1 

... 'i 

the smallest root of which is the least mean squared deviation (1). 

(I) Recently alternaÌìves to Pearson's formula for the mean squared 
deviation from the straight line have been given by Y. K. WONG (On Stan
dard Error lor the Line 01 !\i[utual Regression, « Ann. Math. Stato », 7: 47-50 
(1936)) together with the correction of the non sequitur in the printed 
statement of its derivation. 
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On insertion of the value of the least squared-deviations sum in 
the equations, or of the least mean squared deviation in the 
equations divided through by n, the ratios of the cosines of the 
vectorial angles may be determined from any combination of equa
tions one less than the number of equations, and the values of 
the cosines from the condition equation, 

4, MID-POINT OF LEAST RANGE OR LEAST GREATEST-DEVIATION, 

The method of the least greatest-deviation, the earliest method 
proposed for the combination of indirect observations to effect a 
consistent disposition of the errors of observation, was originally 
discovered by Laplace (27), and recently rediscovered by Goed
seels in his method of minimum approximation (28), and by Smith 
in his mid-course method (29), GeneraI analytic methods have been 
advanced by Laplace (27, 38); GoedseeIs (28, 30), and de la Valle e
Pouissin (31) for the solution of sets of linear observation equations 
so as, to obtain the Ieast greatest-absolute-deviation in the dependent 
variable (r), But the method of graphic selection, supplemented 

(I) In Laplace's generaI solution (27, 38) the n equations for the de
viations corresponding to the given observation equations, Yi - ((. - bx; 
-" " , - lnV, = ai, by elimination of the parameters yield n - m simul
taneous indeterminate linear equations in the èeviations, Ei = Pi al -+ qi 3: 
-+ ' , , + 0i 8n, which are to be solved for the condition that the m + I 

greatest deviations which are equal in absolute value sha11 be the Ieast 
possible; in his special solution for the case of two variabIes (11, 38) the 
deviation equations are sub]ected to arithmetically more expeditious but 
deductiveIy more involved manipulations, 

In Goedseels' primitive solution (28) for his method of minimum ap
proximation, the deviation equations, since the individuaI deviations are 
at once equal to or less than an undetermined extreme positive deviation, a, 
and equal to or greater than an undetermined extreme negative deviation, 
- a. are converted into pairs of inequalities, 

Yi - a - b Xi -, , , ::::; a ,and - a::::; Yi - a - b Xi -, , , (i = 1,2, , , n), 

which by transposition of a and a are transformed into 

Yi - b Xi - , , , - a <Cl and a::::; Yi -- b Xi -, , , + a, 
which through juxtaposition of their outer members each to each by the 
elimination of a produce n 2 inequalities, . 

Yi - b Xi -" , , - a <Yi - b Xi - " , , -+- a (i = 1,2, , , 11 ; i = 1,2, , , n) 

which on solution for b produce the pairs of inequalities, 

,--Y-,-i _-,-Y.!...i __ '_'_'.-:.+_' _' _' __ 2_3 < b' l b < .Y,~· _-,-Y-,-i_+,--,_,_" __ "_"_".-:.-f_-_2_13.:.., _ dne _-
Xi -Xi - - Xi-Xi 
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by analytic criteria, and implemented by algebraic solutions or 
special formulae, developed in a form adaptable to indefinite ge
neralization in a certain specific direction by Smith (29), is more 
amenable than any of the analytic methods to development in 
a form capable of extension to implicit functional observations. 

To render the greatest deviation in the dependent variable 

which through juxtaposition of their outer members each to each by eli
mination of b produce 4 n' inequalities, 

Y. - Yj - ... + ... - 2 a ~ Yl - Yk + ... - ... + 2 li 
Xi - Xi ~ Xl - Xk ' 

which, if no further parameters remain to be eliminated, on solution for li 
produce the inequalities, 

a> (Yi - Yi) (Xl - Xk) + (Yk - Yl) (Xi --.,.. Xi) 
= 2 [(Xi - Xi) + (Xl - xk)] , 

selection of the largest right member of which defines the extreme absolute 
deviation, substitution of which in the inequalities for b determines its 
value, sllbstitution of which together with that of the extreme deviation 
in4;he inequalities for a determines its value; in his simplified solution (30) 
the procedure is abbreviated through the omission of certain members 
of the sets of intermediary inequalities from further consideration. 

In de la ValIée-Pouissin's solution (31) far m + I deviation equations 
in m parameters, 

a + bx. + C Y, + ... + m v, - z, = - u, li (L = I, 2, . , m, m + I ; U = + I), 

the least greatest-deviation is determined from the determinant, A = 
I Il X • •• vm Zm+1 I , and its minors, Z" when that sign is attributed to 
each unit, u" which will render the product, u, Z, , the same in sign as the 
determinant, A, as 

or 

I Zl I + I Z2 j + ... + I Z", I + I Zm + l I 
and the parameters from the minors, as 

a= Ul Il + U. 1 2 + ... + Um 1m + .Um + l 1m + l 
U, ZI + U2 Z. + ... + Um Zm + Um + l Zm + l 

and 

b= Ul Xl + Ue X t + ... + Um X". + U". + l X m + 1 

U1 ZI + U2 Z2 + ... + u". Zm + U". + l Zm + l 
or the simultaneous solution of any m of the m + I deviation equations 
with the propE1r values of u, a inserted, and in his solution for n equations 
when n > m + I as the solution for that combination among alI the 
possible combinations of the n equations taken m + I at a time which 
gives the greatest least-greatest-deviation. 
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least, the straight line, y = a + b x, for a given set of observation 
points, p. (y • . X.), must be equidistant in the direction parallel 
to the axis of the dependent variable from those three observation 
points, P'±b (y •. x.), PiH (Yi·Xi), P"'f'b (Yk.Xk), where Xi<Xk<X;, 

which give deviations, 3 = y, - (a + b x,), all of which are 
equal in absolute value to the least greatest-deviation for the set 
of observation points, and of which two are the same in sign and 
the third is of the opposite sign. The least greatest-absolute-de
viation will then be half the distance in the direction parallel 
to the axis of the dependent variable from the point with the 
deviation of the opposite sign to the line containing the two 
points with deviations of the same sign, or 

3 = I (Yi - Yi) Xk + (Xi - Xi) yk + (Xi Yi - Xi y.) I 
2 (Xi - Xi) . , 

and the required equation will be 

Y = (~i )'i - Xi y. + 3) + 
Xi -Xi 

Yi -Yi 
'-------'.'-'- X 
xi-xi 

in which the sign before 3 is the sign of the deviation of the 
point not contained in the line (I). To give the least greatest-

(I) The method of the least-greatest deviation, which was originally 
applied by Laplace by means of étnalytie solutians (27, 11, 38) and sub
sequently by J. B. J. FOURIER by means af a proposed geometrie solutian 
(Analyse des equations déterminées, Paris, 183I, 8I-84) to the determina
tion af the para meters of linear equa tions, and by J. V. PONeELET to the 
determination of linear approximations to be substitutcd for the origin,ll 
cxpressions in the evalua tion of radieals (Sur la valeur approchée lineaire 
et rationelle des radicaux de la forme Va 2 + b2, qui expriment la resultante 
de deux ou de plusieurs forces, « Cours de méeanique appliquée aux machincs », 

Metz, 1826, Sec. III, K ote I ; Sur la valeur approchée lineaire et rationelle 
des radicaux de la forme Va2 + b2 , Va2 b2 , . •• , ibid., 3"te ed., 1832; «J. f. d. 
Math. reine u. angew. », 13: 277-291 (1835)) and of series (Recherches 
sur le Calcul des Séries, ou:application de la méthode de moyennes a la t1'an
sformation ou calcul numérique et a la déterminai'ion des limites du reste des 
séries, « Mém. preso a l'Acad. roy. d. se. »,6: 785-872 (1835)), was finally 
applied by P. L. TCHEBYCHEV to the pawer polynomial (Théorie des mé
canismes connus sous le nom de parallélogrammes, « Mém. preso a 1'Acad. 
imp. d. se. de St. Pétersbourg l), 7: 539-568 (1854); Sur les questions de 
minima qui se raftachent à la representation approximative des fonctions, 
«BuI. de la CIas. phys.-math. de l'Aead. imp. d. sci. de St. Petersbourg », 

16: 145-15° (1858), « Mém. de l'Acad. imp. d. sei. de St. Petersbourg », 

600 Ser., Sci. math., phys. et nat., 9, Sci. math. et phys., 7: 199-291 (1859)). 
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,deviation in the dependent variabIe, the pIane, z = a + b x + c Y, 
for a s~t of observation points, P, (z,.x"",), must be equidistant 
in the direction parallel to the axis of the dependent variable 
form the four abservation points, 

P i (Zi • Xi, Yi), Pi (Zj • Xj, Yi), P k (Zk. Xk, Yk), P 1 (Zl . Xl, Yl), 

which give deviations, ~ = Z, - (a + b X, + c y,), equal in absolute 
value to the Ieastgreatest-deviation for the set of observation 
points. If of the group af four observation points, P i ± li' P; ± li' 

Pk ± lì' P1 'f lì' where (Xl' Yl) lies within, or nearer one side af, the 

pIane triangle the vertices af which are (Xi, Yi), (Xi, Yi), and (Xk, Yk), 
than any ather of the points ta a side af any other triangle, three 
give deviations which are the same in sign and the fourth gives 
a deviatian which is of the apposite sign, the least greatest-deviation 
will be haH the distance in the direction parallel to the axis of the 
dependent variable from the point with the deviation of the oppo
site sign to the pIane containing the three points withdeviatians 
of the same sign, or 

The mathematical theory of the solution af the least greatest-deviatian 
polynomial was successive1y developed by P. KIRCHBERGER (Ueber Tcheby
chelsche Anniiherungsmethoden, Inaug-Diss., Gottingen, Ig02, 5-96, « Math. 
Ann. », 57: 509-540 (1903)), E. BOREL (Méthode d'approximatt"on de Tche
bicheff, « Leçons sur les fonctions de variables réelles et les developpements 
en séries de polynomes », Paris, 19°5,82-92), J. W. YOUNG (Generai Theory 
01 Approximation by Functions Involving a Given Number 01 Arbitrary 
Parameters, « Trans. Amer. Math_ Soc. », 8: 331-344 (1907)), L. TONELLI 
(I polinomi d'approssimazione di Tchebychev, « Ann. mat. », Ser. 3,.15: 
47-119 (1908)), F. SIBIRAMI (Sulla rappresentazione approsimata delle lun
sioni, idem, 16: 208-231 (1909)), G. POLYA (Sur an algorithme toujours 
convergent pour obtenir les polynomes de meitteure approximation de Tche
bychel pour une lonction continue quelconque, « Compt. rendo 1'Acad. d. sci. », 

157: 840-843 (1913)), C. de la VALLÉE-POUISSIN (Po!inome d'approxi
mation minimum, « Leçons surl'approximation des fonctions d'une variable 
réelle '>, Paris, 1919, 75-92), D. JACKSON (Dn Functions 01 Closest Appro
ximation, « Trans. Amer. Math. Soc. '>, 22: II7-128 (1921); Dn Approxi
mation by Functions 01 Given Continuity, idem, 25: 449-458 (1924); (5); 
The Theory 01 Approximation, « Amer. Math. Soc. Colloquium Pub. », 
II: 77-108 (1930)), and S. BERNSTEIN (Lecons sur les propriétés extréma
tes et la meilteure approximation des lonctions analytiques d'une var'Ìable 
reétle, Paris, Ig26). In his mid-course method Smith (29) rediscovered 
the method of the least greatest-deviation and such of its theorems as were 
required as a basis for the first practical procedure for the numerical com
putation of the least grea test-devia tion polynomial. 



(Yi zi + Yi Zk + yk Zi - Y" Zj - Yi Zi - Yi Zk) Xl + (Xk Zj + 

+ Xi Zi + Xi Zk - Xi Zi - Xi Zk - Xk Zi) YI + (Xi Yi + Xi yk + 

+~~-~~-~~-~~~+~~~+~~~+ 

a = 1 ___ -----;---'+_x_i...:y_k_z~i _ ____,_X-i...:Y...:.i-Z-k--X.:..-i~Y-k-Z-;----X-k~Y_i_Z-"i),--~ __ . 
2~~+~~+~~-~~-~~~~~ 

and the equation, 
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.z = ((Xi Yi Zk + XjYkZi + Xk yi Zi -Xk Yi Zi -XiYi Zk -XiYk Z,) - a) + 
(Xi Yi + Xi yk + Xk Y; - Xk Yi - xi yi - Xi Yk) + 
+~~+~~+~~-~~-~~-~~X+ 

Xi Yi + Xi yk + Xk Yi- X" Yi- xi yi - Xi yk 

+~~+~~+~~-~~-~~-~~ 
. Xi Yi + Xi yk + Xk yi - Xk y,- xi Yi - Xi yk Y, 

in which the sign beIore 3 is that of the deviation of the point 
not contained in the pIane. If of the four observation points, 
p. ± b' P i ± lì' Pk =t' lì' P I 'F lì' where (Xi, Yi), (Xi, Yi), (Xk, Yk), and 
(Xl, YI) are the vertices of a trapezium, the two pairs give devia
tions of opposite sign, and determine two non-parallel lines, P i ± lì 

Pi ± lì and Pk 'F lì P1 T b' the Ieast greatest-deviation will be half 
the distance in the direction parallel to the axis of the dependent 

The literal application of this recents mid·course method to the 
straight line would in effect require the determination of a parabola 
y' = .a + b% + C %2, for the selected points, P i ± b (Yi . Xi)' P k 'F b (Yk . Xk)' 

and P i ± b (Yj . Xi)' giving these values of the dependent variabIe at these 

values of the independent variabIe, and of a second parabola, u = ex: + [3 % + 
Y x 2, for the assumed points, P( =f I, Xi), P ( + I, Xk)' and P ( =+= I, Xi)' 
giving the value of unity with the sign opposite to that of the deviation 
at these values of the independent variable,. the linear combination of 
which obtained by putting c = 3 y so as to eliminate their quadratic terms, 

Y = [y'-3u=a + b%+ c%2-3(ex: + [3% + yx2)]=(a-3IX) + (b-3[3)%, 

would be the equation of the line and 3 = cfr the least greatest-deviation. 
On the same basis the Ieast greatest-deviation and the parameters of an 
n/h degree parabola may be determined for n + I points, selected to lie 
alternately on opposite extremes of the centraI trend of the observation 
points as the independent variable increases, from explicit expressions 
utilizing the Lagrangean polynomial for two varia bI es, and might be de
termined for an n, m, . .th degree paraboloid from the polynomial for se
veral variabIes (J. F. STEFFENSEN, Interpolation, Baltimore, 1927, 21-22, 

205. 216) contingent upon the elaboration of a rule and graphic artifice 
for the location and selection of the required points. 



variabIe from one of the points, as P k 'f li' to the pIane containing 

the lin,e, p. ± li Pi ± fl' and hence either of its points, as P. ± b' 

and parallel to the line, Pk ± li P I ± fl or 

((Yi - y.) (Zl - Zk) - (YI - Yk) (Zi - z.)) (Xk - Xi) + 
+ ((Zi - z.) (Xl - Xk) - (Zl - Zk) (Xi - Xi)) (Yk - Yi) + 

~= 
+ ((Xi - X.) (YI - Yk) - (Xl - Xk) (Yi - y.)) (Zk - z.) 

2 ((Xi - Xi) (YI - Yk) - (Xl - Xk) (Yi - y.)) 

and the equation, 

(

((Yi - y.) (Zl - Zk) - (YI - Yk) (Zj - z.)) Xi + ) 
+ ((Zi - Zi) (Xl - Xk) - (Zl - Zk) (Xi - Xi)) Yi + _ ~ 

z = z.+o -
(Xi - X.) (YI - Yk) - (Xl - Xk) (Yi - y.) 

. (Yi - y.) (Zl ~ Zk) - (YI - Yk) (Zi - z.) 
- X-

(Xi - Xi) (YI-Yk) - (Xl- Xk) (Yi-Y') 
(Zi - Zi) (Xl - Xk) - (Zl - Zk) (X, - Xi) 

- (Xi-X.) (YI-Yk) - (Xl-X,,) (Yi - y.) Y, 

in which the sign before ~ is that of. the deviation of the point 
not contained in the pIane. If the pairs of observation points 
determine two parallel lines, and the set contain only four obser
vation points, the deviations would be zero, and the pIane repre
sented by the required equation wouId contain both lines, but if the 
set contain more than four observation points, (Xi, Yi), (Xi, Yi), (Xk, 
Yk), and (Xl, YI) would lie in a straight line, the Ieast greatest-de
viation would be haH the distance in the direction parallel to the 
axis of the dependent variable between the two !ines, and the pIane 
represented by the required equation would pass through two 
points equidistant from, and be perpendicular to the pIane contain
ing, both lines. The procedure for the determination of the least 
greatest-deviation involves inspection of the set of plotted obser
vation points, selection of trial combinations of the proper num
ber of outlying observation points, and substitution of their values 
in the indicated deviation formula. As a criterion in the deter
mination of the least greatest-deviation of a set of observation 
points such formulae have comparative value but lack directive 
efficacy. A trial group of obsèrvation points will be shown to 
give a deviation greater or less than the deviations of other pre
viously tested groups with which it is compared. But it remains 
necessary to test all likely groups separateIy and to ascertain by 
elimination which is the required group. 
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The least greatest-deviation in the dependent variable can 
be determined more systematically through the selection of ex
treme observation lines or planes because the analytic criteria 
applicable to the sensible results then have the requisite directive 
efficacy to insure a definitive solution (r). The sum of the infinite 
powers of the absolute deviations in the dependent variable.of a 

n 00 

set of indirect observations, L I y. - (a + b Xi •.• ) I , is rendered 
i=1 

. a minimum, when the greatest absolute deviation, a = I y, -
- (a + b x, + ... ) I, is rendered least. For a set of observation 
equations in any number of variables whatsoever, at least two 
deviations must occur equal in absolute value to the least grea
test-deviation, which are of opposite signs. Let the equations, 
Y1 = a + bX1 and Yn = a + b Xn, from a given set of observation 
equations, Yi = a + b Xi, arranged in the order of thealgebraic 
magnltude of their deviations, represent a pair of extreme obser
vation lines, for any set of values of the parameters, a, b, between 
these extreme observation lines and within the interval for which 
they continue to be the extreme observation lines. The sum of 
the extreme absolute deviations, D, is the sum of the greatest 
positive deviation and the greatest negative deviation with its 
sign changed, or 

D = (Yn - a - b x,,) + (a + b Xl - YI) = (y" - YI) + (Xl - X,,) b. 

The increment to the extreme deviations sum, L1 D, for a 

(I) In his introduction to an unfinished posthumous treatise, Fou
RIER (op. cit.), outIined a geometrie construction for the soIution of the 
least greatest-deviation linear equation. The deviation equations, a = 
Yi - a - Xib, corresponding to the given observation equations, Yi = a + 
Xib, express the algebraic devia tion as a function of the vaIues of the para
meters. Let a and b be represented by a parameter point in a horizontaI 
coordinate pIane and a by a deviation point on a verticaI coordinate axis. 
The deviations equations may then be represented by deviations pIanes. 
But onIy the absoIute vaIues of the deviations come into consideration. 
The absoIute deviations equations, a = I Yi - a - Xi b \, are represented 
by dihedrons consisting of the portions of the originaI devia tions pIanes 
a bove the (a, b) pIane and the refiection of these pIanes in the lines of their 
intersection with the (a, b) pIane. The extreme planes of the system of 
absoIute deviations dihedrons form a poIyhedron with its convexity direc
ted toward the horizontaI pIane. The vertex of this poIyhearon is both 
the parameter point of the solution for the least greatest - deviation li
near equation and the deviation point of the least greatest-deviation. 

7 
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parameter increment, il b, is il D = (Xl - xn ) il b. The ratio of 
the extreme deviations sum increment to the parameter in
crement is simpIy il D/il b = (Xl - X,,), and the interval bet
ween a paìr oi extreme observation lines is increasìng or decreas
ing as b increases according to whether the sign of (Xl - X,,) is 
plus or minus. In the region where the observation lines tend 
to converge that intersection oi two extreme observatlOn lines is 
to be seIected which appears to lie nearest in a direction paralIel 
to the axis oi the dependent variabIe to an opposite extreme 
observation line. The values of the independent variable in 
the equations of the three observation lines, taken two at a time, 
each of the intersecting lines with the opposite line, are substituted 
in the expression for the increment ratio. If the sign of the ratio 
changes from minus to plus at the intersection, the extreme de
viations sum becomes a minimum. With a set of observation 
planes, Zi = a + b Xi + C 'Yi, the extreme deviations sum is 

and the ratio of the extreme devìations sum increment to the 
distance, il s, in the (b, c)-pIane, corresponding to the parameter 
increments, il b, il c, 

In the region where the observation planes converge, the four 
extreme planes in nearest approach may consist of three extreme 
planes which intersect to form a trihedron with its vertex directed 
toward the opposite extreme pIane, or of two pairs of extreme 
planes which intersect to form two opposite dihedrons with their 
apices directed toward each other. If for each member of the 
triad of intersecting observation pIan es taken with the opposite 
pIane, the ratio is positive for alI directions of departure from 
the intersection included in the sector of the (b, c)-pIane in which 
any individuaI member of the triad of intersecting planes is an 
extreme pIane, or if for each member of one pair of intersecting 
observation planes taken with each member of the opposite pair 
of intersecting planes, the ratio is positive for alI directions of 
departure from the intersection of the projecting planes of the 
lines of intersection of the pairs of intersecting observation planes 
on the (b, c)-pIane, represented by linear combinations of each 
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pair of intersecting observation p]anes which eliminate a bet
ween their equations, included in the sector in which any two 
observation planes are both extreme planes, the extreme devia
tions sum becomes a minimum. ' Hence, taking three extreme 
observation lines, or four extreme observation planes, two at a 
time, each intersecting line or pIane successively with the oppo
site line or pIane, or each of one pair of intersecting pIan es with 
each of the opposite pair of intersecting planes, if the ratio is 
positive for each pair of opposite lines or pIan es for alI directions 
of departure along the b-axis or in the (b, c)-pIane, the distance 
between the intersection and the opposite line or pIane, or the 
distance between the lines of intersection of each pair of inter
secting planes at the intersection of their projecting planes on 
the (b, c)-pIane, is the least extreme deviations sum or the least 
range in the dependent variable for the set of observation equa
tions. Half of the Ieast extreme deviations sum or the least 
half-range is the Ieast greatest-deviation. The parameter point 
which is the mid-point of the least range is the required solution. 
If two opposite extreme lines or planes were parallel, the solu
tion would be indeterminate within the interval for which both 
were extreme observation lines or planes. Only if aH the obser
vation lines or planes were paraHel would no solution exist. 

Both of these methods for indirect observations can readily 
be extended to apply to implicit functional observations. By 
the method employing observation points, the straight line, 
x cos IX + Y sin IX - P = O, for a given set of observation points, 
P, (x" y,), must be equidistant in a perpendicular direction from 
the three out1ying observation points, Pi±d (Xi, Yi), Pi±à (Xi, Yi). 
P k 'f d (Xk, Yk); hence the Ieast greatest-absolute-normal-deviation 
will be 

d = I(Yi - y.) x" + (Xi - Xi) yk +, (Xi Yi - Xi Y;)I ' 
2 V(Yi - Yi)2 + (Xi - Yi)2 

and the equation, 

(y. - Yi) X + (Xi - Xi) Y - (Xi Yi + Xi Yi) + d = O . 

V(Yi - Yi)2 + (Xi - Xi? 

Similar substitutions of the square root of the sum of the squared 
coefficients for the coefficient of the dependent varia bI e in their 
denominators will convert the formulae for the least greatest-
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deviation in the dependent variable and the equations in slope
intercept form for the pIane into formulae for the least greatest
normal~deviation and equations in normal formo 

The least greatest-normal-deviation can be determined more 
systematically by a method employing observation curves or 
surfaces. The sum of the infinite powers of the absolute normal 

n 00 

deviations, as ~ I Xi COS IX. + yi sin IX. - P I, is rendered a mini~ 
i=l 

mum, when the greatest absolute deviation, as d = I XL COS IX. + YL sin IX. 

- P I , is rendered least. At least two deviations occur equal 
in absolute value to the least greatest-deviation and of opposite 
signs. If the polar vectorial epicycloids, Xl cos IX. + YI sin IX. = 

p(x
1 

• Yl) alid Xn COS IX. + Yn sin (J. = p(Xn , yn)' from a given set of 
observation equations, Xi cos (J. + Y, sin (J. - p = 0, are the ex
treme observation curves intersecting a ray at points other than 
the origin, the sum of the extreme absolute normal deviations 
for any set of values of the parameters, (J. within the sector for 
which both are extreme observation curves, and p(x

1
, h) < P 

:::;;: P(Xn , yn)' is 

(Xn COS CI.. + Yn sin (J. - p) + (p - Xl COS (J. - YI Slll (J.) = 

= (Xn - Xl) cos (J. + (Yn - YI) sin oc. 

The derivative of the extreme deviations sum with respect to CI.. is 

;(J. (xn - Xl) cos OC + (Yn - YI) sin (J. = (Xl - xn) sin oc + (Yn - YI) cos oc. 

The radiaI distance from the intersection of two extreme observa
tion curves to the opposite extreme observation curve where 
the sign of the derivative changes from minus to plus is the least 
range; the least half-range, the least greatest-deviation; and the 
parameter point, which is the mid-point of the least range, the 
solution. With polar vectorial epispheroids, the extreme normal 
deviations sum is 

(X .. cos oc + Yn cos ~ + Zn cos y - p) + (p - Xl COS (J. - Yl COS ~

-Zl COS y) = (Xn - Xl) cos (J. + (Yn - Yl) cos ~ + (Z .. - Zl) cos y . 

The partial derivatives with respect to two essential vectorial 
angles are 
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. sin 2 ~ 
= (Xl - Xn ) sm rx. + (Z" - Zl) . 

2 COS Y 
and 

aa~ (X,,-XI) COS ~ + (Yn -YI) COS ~ + (Zn -Zl) VI ~COS2 ~-COS2 ~ = 

. sin 2 ~ 
= (Yl - Yn) sm ~ + (Zu - Zl) . 

2 COS Y 

The method of least greatest-deviation in the dependent variable 
and the method of least greatest-normal-deviation are the methods 
of the mid-point of the least range (I). 

N umerical E xamples. 

I. When an uncharged droplet falling in an electrostatic 
field becomes charged with an electron, the resulting change in 
its rate of faH corresponds to an alteratiòn in its appan~nt weight. 
The electrosfatic charge of an electron, e, may be determined 
from the electrostatic field strength, F, and the aIteration in 
apparent weight, W, by means of the equation, F e = W. Treated 
as weighted observations, the values of e = W il F i calculated 
from a set of determinations of F and W (32) and arranged in 
the order of their magnitude, together with their respective weights, 
F i , locate a weighted median (Table I) (2). 

(I) A variant of the method of the least greatest-deviation or the 
mid-point of the least range. which, though apart from the succession of 
methods of Ieast p6wer-sums of the absolute deviations, might be of some 
significance. is the method of the least quartile or media n deviation (80-

called probable error) or the mid-point of the least interquartile range. 
The nearest approach of the first and the third quartile Ioei of a given set 
of observation lines, curves, planes, or surfaces defines their least inter
quartile . range. Balf of the least interquartile range or the least semi
interquartile range is the least quartile or median deviation, and the mid
point of the least interquartile range the solution. 

(2) The weight decrement in grams is derived by ca1culation from the 
experimental data by means of the formula. 

3 1 
7 4 (9 s 71)2 ( I ) 2" tg 

- tI 
W = 3 rr: 2t; g (a - p) ti 

in which s is the distance of fall in centimeters, tg the duration in seconds 
of fal] under_ gra vity, ti the duration of fall undel the infiuence of the field, 
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TABLE L 

3.70 I 2.04 I 3. 27 X IO-V W; -- 1.47 1.14 I 
, , 

F, -~ 3.~~---------~-2.~-T 6.67 ·-7-I-Z-.-8-5 -r---~.~O~---- ---
e = 4.02 5·3~ ! 

I 
5.55 I 7. 18 I 7.97 X IO-IO 

m n 
~ Fi = 12.43 > 6.95 = ~ F,. 

i=l m+1 

m--l n 

~ Fi=5·76<I3.6z= ~ Fi 
m 

2. In physioiogicai experiments an entire animaI is often 
subjected to some physicai or chemicai influence when only a 
single action on a specific tissue or organ or a single effect on a 
specific function is to be determined. When quantitative results 
are required, in this situation where it is in the nature of the 
case impossibie to secure that selective constancy of aH reievant 
conditions generaHy obtainabie in the conduct of physicai meas
urements, the empIoyment of the weighted median may be sin
gular1y appropriate. In biologicai assay, where a representa
tive value is essential, the animais will vary not only in size but 
also in tolerance or susceptibiIity to the action of the given drug. 
Preliminary to an assay of digitalis bodies by the cat method it 
may be advisable to determine the minimai lethal dose per 
uni t weight of intravenous crystalline ouabain for a sample. of 
the popuiation of cats to be used in the standardization (33) 
(Table II). 

3. The constants for a second approximation to the gen
eralized law of error with its origin at the median may be so 
determined by the method of percentiles that the observed and 
calculated fractions of a frequency distribution which lie bet
ween the median and certain arbitrary limits shall be as nearly 

1) the coefficient oi viscosity oi air, g the acceleration of gravity. CI the den
sity of the oil, and p the density oi air, which involves a systematic error 
in as much as Stokes' law ior the radius of a sphere ialling through a resist
ing medium is not quite valid for ultra-microscopic dimensions, and the 
electrostatic field strength from F = V;d in which V is the electromotive 
force in sta tvolts, a nd d the distance in centlmeters between the pIa teso 
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TABLE II. 

median, XM = 0.5, and the several class-limits of the tabulated 
data, Xi, represent values of the probability integraI, F (çi) ; the 
corresponding arguments, + 1;; (= + x/c), enter into a sequence 
of equations, 1 XM -Xi 1= C 1;. + 2/3 j c 1;i2, where c is the modulus, 
equal as possible (34,16). The decimaI fractions between the 
and j, a measure of skewness. Subtraction of each equation 
from its successor yields a set of equations, Xi +1 - Xi = C (1;;+1 -1;.) 
+ 2/3 i c (1;i+12 _1;.2), or taking a class-limit as origin and the class
interval as unity, I = C (1;i+1 - ~;) + 2/3 j c (~i+12 _1;;2), and 

dividing through by (1;;+1 -1;;), ~1 ~. 0= c + 2/3 i c (çi+1 + 1;,), 
<-'<+1 <-" 

to be solved for the values of the constants. 

The final set of equations, 1;'+1 ~ 1;i = a + (~i+1 + 1;.) b, ob

tained by putting a = c and b = 2/3 i c, is numerically of the 
simplest form expressing the relationships between the argu
ments derived from the data and the constants required for the 
curve. But to treat its left members as values of the dependent 
variable is to attribute error to the reciprocals of the differences 

of the successive arguments, 1;i+1 ~ ç. ' and to deny it to their 

sums, çi+l + 1;;. Hence it would seem antecedently preferable to 
enter the values of the sums and the reciprocals of the differences 

in an equation of the form, (1;i+1 + 1;.) cos x + 1;. I 1;. sin (X-

,+1- , 
- p = O, in order the distribute the error somewhat more equi
tably between them. 

The percentile distribution of the number of men paid at 
different wage rates in the principal industries in a selected year 
(35) after these transformations and substitutions yields the 
respective sets of linear (34,16) and polar observation equations, 
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I.23 = a - 3.59 b - 3.59 cos (1. + I.23 sin (1. %:::: P 
and 

2.99,= a + 2.47 b 2-47 cos (1. + 2.99 sin (1. = p 
represented by the network of observation lines (Fig. 3) and 
observation curves (Fig. 4), and soluble for the rectangular coor
dinates and polar parameters by any of the four grap'hic-analytic 
methods. 

For most lesser-deviations in the dependent variable and 
for most lesser-normal-deviations their solution requires the 
method of the modal point and, depends on the proper selection 
of the respective modal points, M (a = 1.735, b = 0.345) (Fig. 3), 
and in the region of the mutuaI intersections of three curves 
M ((1. = IIOo, P = I.6) (Fig. 4) which is equivalent to (a = 1.6 
sec (1. = I.702, b - cot (1. = 0.364). 

For least deviations in the dependent variable the solution 
requires the method of median loei (16). The a-Iocus is a chain 
of linked areas, the b-Iocus, a broken line; the point of coineid
ence of the a-and b-Ioei, the intersection, (I.774, 0.3426), of equa
tions, 2.36 = a + I.71 band I.13 = a - I.88 b, is the solution 
(Fig. 3). The increment ratio for the direction of departure from 
the intersection for the segment of the b-locus on the line repres
enting the first equation is 

~ D 1.71 (o + I) - I (4.38 - 4.71) . 
__ o = = I.0 3, 
t1s VI.712+ (_1)2 

for the segment on the line representing the second equation, 

b.D = - I.88 (o - I) - I (4.38 - 4·54) = 0.956 ; 
~s V (- I.88)2 + (- 1)2 

for the segments of the a-Iocus, 

~D ~D 
~ s =(-I.45-0·59)/-I= 2.04 and ~'s =(2.14 + 3.00)/1 = 5·q: 

lience the intersection, with the deviations sum, 

D,.s = (0.29 -0.75) + I.774 (o + I) + 0.3426 (4.38 -4.71) = I.201, 
IS the minimum point (Fig. 3) (I). 

(I) The linear equation, Ax + By = I, in what may be designated 
reciprocal-intercept formo since its intercepts are x = l/A and y = l/B. 
when set up as an observation equation by the substitution of observed 
values for its unknowns becomes AXi + By. = I with the intercepts A = 

I/.-r; and B = I/Yi. Solution of a set of observation equations based on 



-1
.8

8 

o F
ig

. 
3 

1
0

0
d

O
 

1.
55

 
6

. 2
Ja

-h
ol

lz
on

ta
l 

I-<
 o V
l 



106 

For least normal deviations the solution requires the method 
of the median locus. The p-Iocus is a circuit of linked areas 
(Fig. 4)' The linkage of the two smaller curvilinear quadri
laterals is the intersection of equations, r.7I cos IX + 2.36 
sin IX = P and - r.88 cos IX + I.I3 sin IX = p, for which tan IX = 

- r.88-r.7I 
2.36 - r. I 3 - 2.9187 or IX = 1080 54' 45". The derivative 

at this angle is 

o D = 0.94602 (_ I.45 - 0.59) - 0.324I2 (6.58 - 4.68) = - 2.55 oa 
on arrivaI, and 

oD 
-- = 0.94602 (2.I4 + 3.00) - 0.32412 (5·35 - 5·9I ) = 5.05 o IX . 

on departure, changing from negative to positive, thus est ab
lishing a minimum, with a deviations sum, 

Dx:y = - 0.324I2 (0.59 + I.45) + 0.94602 (6.58 - 4.68) = I.I3 , 

which is the only minimum occurring at any point other than 
the origin (Fig. 4). The polar parameter point, (I08° 54' 45", 
r.6983), of the solution for least normal deviations is equivalent 

the linea!' equation in slope-intercept form by the method of median loei 
renders the sum of the deviations of the values of (Yi - bx.) from then 
median, which is equal to the sum of the deviations in the dependent vari
able, a minimum, and also renders the sum of the deviations of the values 

of Yi - a from their median, which is without intrinsic signifìcance, a 
Xi 

minimum; solution of a set of observation equations based on the linear 
equation in reciprocal-intercept form by the method of media n loei renders 

. . I - AXi I -- BVi 
the sums of the devlatlOns of the values of and of . from 

Yi Xi 

their medians a minimum. The solution by the method of media n loei 
of the set of observation equations in reeiprocal-intercept form involved 
in the present problem, 

I = C (~i + 1 - ~i) + 2/3 i c (~i + 12 - ~i2) , 

numerically 
/ 

0.886 a - 1.669 b = I 

0.335 a + 0.826 b = I , 

for equations of unitary and of difierent weights was begun but left inde
terminate by Edgeworth (18) and completed by Bowley (16) for equations 
of equal weight. 





Fig. 4 





to the rectangular coordinates parameter point, (1.774, 0.3426), 
of the solution for least deviations in the dependent variable. 

For least greatest-deviation in the dependent variable or 
least greatest-normal-deviation the solution requires tI:e method 
of the mid-point of the least range. The least range in the de
pend variable occurs in the region between the intersections of 
the two pairs of lines, 1.13 = a - 1.88 band 1.57 CC"" a - 0.36 b, 

and 2.99 = a + 2.47 band 1.23 = a - 3.59 b (Fig. 3). Taking 
the first equation of each pair, the increment ratio, ~ D/~ b = 
- 1.88 - 2-47 = - 4.35; the second equation of the first pair 
with the first of the second, ~ D/~ b = - 0.36 - 2.47 = -- 2.83; 
and the second equation of each pair, ~ D/~ b = - 0.36 + 3,59 
= 3.23. The least range, which occurs between the intersection 
of the second pair, (2.2727, 0.2904), and the opposite point on 
the second equation of the first pair, (1.6745, 0.2904), is 0.5982 ; 
the leasthalf-range, 0.2991 ; and the mid-point of the least range, 
(1.9736, 0.2904) (Fig. 3). 

The least normal range occurs in the region between the 
intersections of - 1.88 cos IY. + 1.13 sin (J. = p and - 0.36 cos ti. 

+ 1.57 sin ex = p at 106° 8' 42" and of 2-47 cos (J. + 2.99 sin ti. 

= P and - 3.59 cos IY. + 1.23 sin (J. + p at 1060 II' 41" (Fig. 4)· 
Taking the first equation of each pair at the angle of the inter
section of the first pair, the derivative, 
dD . r.r;: = 0.96056 (- 1.88 - 2·47) - 0.278°7 (2·99 - 1.13) = - 4·7°' 

the second equation of the first pair with the first of the second 
at the same angle, 

dD 
~ = 0.96°56 (- 0.36 - 2-47) - 0.278°7 (2·99 - 1.57) = - 3· II ; 

and at the angle of the intersection of the second pair, 
dD . 
([7; = 0.96032 (-- 0·36 - 2·47) - 0.27890 (2·99 - 1.57) = - 3.12; 

and the second equation of each pair at this angle, 
dD 
~ = 0.96302 (- 0.36 + 3·59) - 0.2789° (1. 23 - 1.57) = 3.20. 

The least range, which occurs between the intersection of the 
second pair, (1060 II' 41", 2.187), and the opposite point on the 
second equation of the first pair, (106° II' 41", 1.609), is 0.578 ; 
the least half-range, 0.289; and the mid-point of the least range, 
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the polar parameter point, (106° II' 41", 1.898), equivalent to 
the rectangular coordinates parameter point, (1.9736, 0.2904). 

4. The personal equation of an astronomical observer measùr
ing the vertical diameter of Venus with a specific instrument, y, 
consists of a constant correction, a, and a relative correction, b, 
which varies linearly with the actual diameter, x (36). Each 
measurement gives an observation equation for the difference, 
y., between an observed diameter and the corresponding diameter 
according to the Nautical Almanac, Xi, of the form, Yi = a + b Xi. 

In the solution of a set of 97 such equations for an individuaI 
member of the staff of the Greenwich Observatory (37) by the 
method of median loèi (14) the oìherwise divergent a- and b-Ioci 
intersect at (1.372, 0.0256), coincide throughout the segment 
from (1.243, 0.0297) to (1.218, 0.0302), and come into dose jux
taposition in the region of (1.109, 0.0350) and (1.106, 0.0351). 
But the increment ratios for the relevant segments of the two 
Ioci locate the parameter point, (1.243, 0.0297), as the solution 
for least deviations (Fig. 5). Intersection or coincidence of the 
median loci merely represent points or tracts of equal deviation 
sums from the several Ioci. The increment ratio designates the 
singular point of the final solution. 

5. A geometrie criterion has been proposed for locating the 
singuiar point of the finai solution when the median lo ci coincide 
through two or more· segments : 

« Let [a] segment of [a] line '" be a locus of double medians: 
meaning that [it] will be an [a]-median; and will also be a [b]
mediano Let [a segment of a second] line [which intersects that 
of the first] be likewise a locus of double medians. And let there 
be no other double median points or loci. The required point 
then must be on either [the one line segment] or [the other] ; and 
it will be on both, at their intersection ... For if it were at any 
other point on either of the segments, the sum of the weighted 
residuals would be greater by the weighted perpendicular let faH 
from that point on the other line. Now let [a segment of a third 
line intersecting one of the segments of the first two lines] also 
be a locus of double medians. By parity~ the required point 
must be either eone] or [the other of the two intersections of the 
three line segments]. It will be the intersection of those two 
lines for which the weighted perpendicular let falI from the inter
section on the third line is the less». (18). 

~ 
I 

t 
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This criterion may be put to its cruciai test by appIying it 
to the eight equations, formed by the summation of two groups 
of the observation equations of the preceding exampie for each 
of four different observers (36), empIoyed in its originaI demon
stration. The a-and b-Ioci coincide throughout the broken line, 
(2.203, - 0.°463) (1.665, - 0.0042) (0.2221, 0.0406) (- 0.0953, 
0.0656); the anaIytic criterion designates (0.2221, 0.0406) the 
solution (Fig. 6). The weighted perpendicuIar, or deviation in 
the dependent variabIe, from the point, (r.665, - 0.0042), to the 
Hne, 43.91 = 59 a + 758.6 b, or 

<:- _1'/ 2 862?9(I,665)+758.6(-0.0042)-:-43.9Ij_ 
Oy.x.- V 59 + 57 ../ - 5I.2, 

, L V 592 + 578.62 

Fig. 7 

.//-45 

.J60 
(~.9 

__ (_.o_<5_7) OOII~~ 
.OOIl~1 . 

nevertheless is smaller than that from (0.2221, 0.0406) to II2.79 
= 70 a + 89I.I b, or 

OYi'X;= 170 (0.2221) + 89I.I (0.0406) - II2·79 I = 6r.::. 

The geometrie criterion, deduced with reference exclusively to the 
lines immediateIy involved in the coincident median Ioci, will 
function in any particular case only by sufferance of the remain-
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ing lines whieh must oe grossly symmetrical in distribution rela
tive to the loei. Obviously in the present example the outlying 
lines, 46.27 = 25 a + 742.5 band 14.21 = 5 a + 177.4 b, sinee 
they are both on the same si de of the median loei, are able by 
virtue of the disproportionate steepness of their slopes to eounter
act and reverse the Ioeai influence of the relationships of the 
segments of the median loei. The proposed geometric eriterion 
is therefore a generalization of limited and uneertain applicability. 

6. Fifteen observations of the ratio of the length of a seeonds 
pendulum to that of the standard seeonds pendulum, r, and the 

OOIl~1 

6.99531 .S99B?: 
<3.059ll. .55596 6.99&1 

~911J6 
6.99070LOOJA.a 

t!ì96<5~ .. 6.99c3ll 
.&\&9 I 

G.9~370 1G.91136 
1.00018 .99G79.:3 

~79683 6.88.45\ 90·'8'oS" 

61lA-4. .996783 P.090g~g~ 
eoolei56a" ~ '" lJ 
nalA,e.l ~:~~~ 3.147t!1 CI80.O-4t 

Fig. 8 

square of the sine of the latitude, <1>, used in a classical calculation 
of the ellipticity of the earth (38), substituted in observation 
equations treating the ratio as the dependent variable (18), the 
sine squared latitude and the ratio as conjoint variables, and 
the sine squared latitude as the dependent variable, solved by the 
method of median loei (Figs. 7,9), or the method of the median 
loeus (Fig. 8), when, since geometrie eonstruetion is impractieable 
beeause the range of values of r is too narrow relative to that of 
sin2 <I> to permit the requisite representation on the same scale, the 
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p-locus is plotted by substitution of successive trial values af (L, 

yield corresponding equations, as 

and· 

r = a" sin2 il! + sin2 ti> b, .sin2 cI> 

sin!! <I> cos oc + r sin oc - psin2<I>" = O , 

sin2 <I> = asin2<{> ., + r bsin 2 <{>", 

r = 0.9968r + 0.0055074 sin2 <I> , 

- 0.0055073 sin2 ti> + 0.99998 r - 0.99673 = o , 
sin2 <I> = - 180.843 + r8I.423 r , 

the first two of which are equivalent (1). 

-.000 a/ .0004.9 .oO,d/O 
r.OO05?J i (,000<357; (00/4<1) 

.~0337 .~0344 

S.~9 

-\~'i1, .00148 6.993~1 
6.S 92>70 /i'-911c3G 

~.481.~ 
~19689 I 

181.1:)7. 6.993i:! 
-180.959 9:387 

6.99531 

Fig. 9 

7. The interrelationship of the supply and the price of a 
farm crop was investigated thraugh the employment as data of 

(I) The solution for the Boscovich-Laplace method as corrected 
by Bowditch (38), r = 0.996838 + 0.005472 sin2 11>, is the intersection of 
the mean observation line, 0.99923 = a + 0.43710 b with the p,uticular 
observation line, 1.00148 = a + 0.84829 b; the inverse solution, sin' (li = 
- 182.13329 + I82.751II r, the intersection of the mean line,. 0.43710 = 
a + 0,99923 b, with the particular line, 0.84829 = a + 1.00148 b: the 
inverse solutions are in this case equivalent equations with reciprocal 

8 
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the percentiIe deviation of its yearly production from the preced
ing-five-year aver age and that of its purchasing power represented 
by its farm price multiplied by the ratio of its farm price index 
to a corresponding generaI wholesale commodity price index (I). 
The power equation was seIected to conciliate economie generaIi
ti es with an anaIytic function for the concomitant variation of 
the resulting indices of the production of the crop and the pur
chasing power of its farm price (39). 

The sensibie solution for most Iesser-normal-Iogarithmie
deviations by the method of the modal point is (320 15', 2.7970) 
(Fig. IO, Table III). 

The solution for least normal deviations by the method of 
the median locus is distinct from and intermediate to the solu
tions for least deviations in either dependent variable by the method 
of median lo ci (Fig. IO, Table III) (2). 

slopes and identical iiltercepts of which that for the axis of the respective 
dependent variable is explicit. 

The solution of Laplace (38), for the least greatest-deviation, 0.00018, 
r = 0.99687 + 0.0055399 sin2 !l>, is the midpoint of the interval between 
the intersection of the lines, 0.99669 = a and 1.00137 = a + 0.84478 b, 
and the line, 0.99877 = a + 0.3II42 b. 

(I) That the mathematical validity and economie signiftcance of such 
indices have been vigorously impugned (B. ]ONES, Horses and Apptes, 
A Study oj Index Numbers, New York, 1934) does not impair the abstract 
interest of the present problem as a numerical example. 

(2) The. solution for the least y ~ deviations sum given by the inter
section of the observation curves, 
2.0828 cos a; + 1.9294 sin a; = p and 1.9542 cos IX + 2.0899 sin IX = P 

(Fig. IO), where 

and 

i)D 
-- = 1.599302 (38.5171 - 38.5947) = - 0.1988 , 

i) ex 

i)D 
-- = 1.599302 (38.6457 - 38.5947) = 0.1306 , 

i) ex 

D = 1.2481 (38.5947 - 38.517IJ + (3'8.8822 - 37.2771) = 1.7°19, 

is equivalent to the intersection of the observation lines, 1.9294 = a + 
2.0828 band 2.0899 = a + 1.9542 b, where 

A D _ - (38.5 17 1 - 38.5947) _ 6 
-- - 1/ - 0·°33 , 
A s n 2 + 2,08282 

A D __ (38.6457 - 38.5947) 
,;.::,..-;;:~======~"--'- = 0.0233 , 

A SVII + 1.95422 
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N otw ithstanding that a representation of an interrelation
ship was thc desideratum in the originaI inquiry, purchasing power 
was treated as the dependent variabie in the equation computed 
by the method of least squares (Table III) (39). In order to 
render it indicative of the effect of supply on price this equation 
was subjected to an adjustment consisting af the applieation of 
the transformatian, y' = y/r, where r is the ratio of the value of 
the base of the independent variabie index to the corresponding 
value oi the dependent v~riable index, which, however, leaves 
the exponent, the essential measure of the reiationship, unchanged 
(Table Hl) (39). The more directIy significant solution would 
have oeell that for least squared norma! deviations (Tabie III). 
The equation by Ieast squares with supply treated as the depend
ent variable completes the set (Table III). 

The solutionfor the Ieast greatest-normal-deviation by the 
method of the midpoint of the least range is Ioeated between 
:2 r673 cos CI. + 1.9685 sin IX = P and the intersectioll of 2.0492 
co.:; CI. + 1.9138 sin IX = P and 1.8751 cos IX + 2.1303 sin IX = P 
(F ig. IO, Tables III). 

'l'he angles of the llormals fo the equations for x-deviations, 
normal deviations, and y-deviations derived by any of the type 
meihods, and to corresponding forms of equation solved for most 
le'5ser-deviations, .IEast deviations (r), least squares, and Ieast grea-

and 
D = 4.52886 (19 - 19) - 1.24806 (38.6457 - 38.5947) + 

+ (38.8822 - 37.II66) = I,7019; 
the solution for the least x-deviations sum given by the observation curves, 
2.0792 eos or; + 1.9138 sin 01: = il and I,9731 cos 01: + 2.0899 sin IX = il 
(Fig. lO), where 

and 

I) D = I.167492 (38.0063 _ 38.1686) = _ 0.221, 
1)01: 

òD -' - = I.167492 (38.0063 - 37.9925) = 0.0188, 
òOl: 

D = (39.ICJ96 - 37.9158) + 0.6025° (39.0063 - 38.1686) = I.1860, 
is equivalent to that given by the intersection of the observation lines, 

2.°792 = a + 1.9138 band 1.9731 = a + 2.0899 b. 
(I) The theorem that the geometrie media n, or the antilogarithm 

of the median of the sequenee of the logatithms of the values, is identical 
with the median of the values themselves, applies only to the simple me
dian (I), and not to the weighted .median. Since the logarithmic weights 
increase geometrically, and the numerical weights arithmetically, the 
weighted median and the weighted geometrie media n will not necessarily oc-



II7 

test-deviatian, are successively greater, bcsause increasingly 
influenced by the disparity af the d;sp~rsioas af the abserved 
values af the two variables (Table III, Fig. IO). 

8. Seven observations af the le] gth of a degree af the mer
idian and the square of the sine af the latitude, substituted in 

observatian equations treatin~ the length af a degree as the de
pendent variabIe, weìghted by the Iengths af the measured arcs, 
used in a classical ca1culatian af the ellipticity af the earth (38), 
may be salved by the methad af median Ioci (Fig. II). The a-

cupy corresponding positions in the numerical and logarithmic sequences 
and haveequivaleri, values. The solution for least numerical deviations, de
termined by Hhodes by his analytic method of median loci, generalized 
to render the dev;ations sum, 1; I Zi - t (Xi, Yi , .. , Ui, Vi) I , a minimum 
for any functio;-J cf the independent variables, and applied concretely to 
the power function, y = Bxa, by the use of a specially derived system of 
approximatC' weighting in the location of the medians of the parameters (17), 
is therefore slighby different from the solution of least logarithmic devia
tions 1Table IiI: Fig. IO). 
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and b-Ioci coincide with the locus of a single equation through 
several segments where this equation so outweights the other 
equations that its Iocus constitutes a double median Iocus. The 
analytic eriterion nevertheless designates the intersection of this 
double median locus with the lOCllS of one, of the other equations 
as the solution. 

Following the pattern oi Lapla:ce's analytic solution for 
Boscovieh's method (11), Edgeworth solved this problem by 
eliminating a between the equation of the double median locus' 
and each of the other equations and determining the weighted 
median of b (Table IV) (18) (I). This procedure, generalized to 
apply to any selected observation equation, rather than restricted 
to an observation equation known to represent a median Iocus, 
and to any number of parameters, rather than restricted to two 
parameters, constitutes Rhodes' analytic method of median 
Ioei (17). 

TABLE IV. 

b = Wi~i ~~-v~ = -382.8<:,61229.224 1318.422 1482.9:8' 1'530 .59) 1906 .G{ 6 
Wl,);;~ :DtXm ! 

Wi xi - W---:::=.'29773 .[ 1.804131 0.I33441 0.196641 0. 33841\ 0.O()025 

The se observations, substituted in weighted observation 
equations treating the length of a degree and the sine squared 
Iatitude as conjoint variabIes, may be solved by the method of 
the median locus (Fig. 12). The weighted median locus of the 
observation curves is pIotted by the method of substitution. 
The finai solution is determined by means of the analytic criter-

(I) Through an inadvertant sinistroluxation oi the decimaI point 
in the second member oi i;he sequence of weights Edgeworth however ob
tained an aberrant result. The solution for Boscovich's conditions, 
ex = 25538.85 + 246.93 sin2 <II, is in Laplace's method the intersection of 
the weighted mean line, 25646.80 = a + 0.43717 b, with the weighted 
particular line, 88448.69 = 3.4633 a, or the equivalent unweighted line, 
25538.85 = a (38). The solution for the least greatest-deviation, ex = 
25525.10 + 308.202 sin2 <II, is the mid-point between thej'nt~rsection of the 
unweighted lines, 25666.65 = a + 0.30I56 band 25832.25 = a + 0.83887 b, 

and the unweighted line. 25599.60 = a + 0.39946 b (Fig. II) (38). 
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ion for weighted polar observation equations. The values of 
the derivative at the crudal angle are 

a D w = 0.003I 3 (I.77507 - 3.°9763) - 0.99999 (z3485I,03-
Ba; 

-I03697·44) + (25658.28.-0·99999-0·52093·0.003I3) (4.°469-

- 9· I 583) = - 3·9 

-é3J/J L36 
~~-~Jg.9~~~~~~ 

--------;c:;;' :---"""'===-;Il5.5:'33:"i'/4M. 6;:'/Ma.e.~ 1.36 1.97 

~~~~ .. ~Oe.7è3 .............. .........:: 5.l599.31. 177507 
~ .... 146AO~.3-4 ........... ~ LÈ:r. ~<:3.15 19~1.46.13 
1.0~ ~ ..... 5.6950~i'..48'l 7.5IOfll.3955, 1790 45' .3" 

1309763~~.1599.3~~ l:l'l'S07 
~.34851.0Q· .?ì"5'T9al~~ .. "" 103697.4-4 

S.1553"lo.j-487~4.o..4.69 
~ -~ --......::::::: 79.al56. 178'-49' 14.1"-

IncLlnalion.s e:x.agq6'ratea for 4t::1619~5;g99~ --....; .6~51 
clearne.s.s Or repre.sentatìon: ~96475,53 ;ç?'57~0.1 -..;;::: A~-Q!~,94 
actual d/reel/on anqte.s of median 'ocuo al 1I.,:'Br~~Z,4B ~~6A35 
fiqurer.i lntersecfions: /78'30'4.6", 179'J8 JU" 1.35 -=::::::ti~&~--'::"':: 

and 

aDw 
--= 
Ba. 

Fig, 12 

0.003I 3 (0.6565I - 4·2I6I9) - 0·99999 (296475.53 -

- 42°72.94) + (25658.23. - 0·99999 - 0·52093·0.003I3) (I,6435 -
- II.56I7) = 82.2 , 

and that of the minimum weighted absolute normal deviations 
sum is 

Dw(x,y) = - 0·99999 (3.°9763 - I.775 07) + 0.003I3 (23485I,03-

- I03697·44) + 79. 8256 (4.°469 - 9. I 583) = I.36. 
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9. An index of the cyclical fluctuation in the employment 
of a division of Iabor in the coal-mining industry in the form of 
the quarterly excess or defìciency in fìve-thousand man-shifts 
worked on the surface from the average for the period (40) was 
empIoyed by Rhodes (17) in his demonstration of the fitting of 
the parabola, y = 32.83 - 2.07 x - 1.76 x2

, with the minimum 
deviations sum, D" = 260.4, and the Ieast mean deviation, D,,/n 
= 15.32, by the analytic method of median Ioci. The solution 
may be confìrmed by the application of the speciai anaIytic cri
terion to the intersection of its three median observation planes. 
With the direction cosines of each of the lines of intersection of 
the three median planes taken two at a time directed in the sense 
of departure fram the point of intersection as parameter incre
ments, the increment ratio is computed from the sums of the 
antecedent and succeeding coefficients of either member: af each 
pair of intersecting planes for each af the three direction lines 
(Fig. 13). Since all three increment ratios are positive, the de
viations sum increases in all directions of departure fram the 
intersection, and the intersection is established as the minimum 
point. The deviations sum is computed for the intersection from 
the sums of the antecedent and' succeeding coefficients of any 
of the three planes (I). 

IO. Power formulae to estimate the normal basaI metabolism 
were promulgated (41) on the basis af previously published data 
(42) in a form equivalent to C = 280.51 WO. 5 A-o.IsS3 for females, 
and to C = 311.55 WO.5 A-O. 1333 for males, in which C = calories 
per day, W = body weight in kilograms, and A = age in years. 
The mode of derivation of the exponents was withheld. But the 
formulae were advanced with the claim of giving lesser mean 
percentile deviations for each sex than earlier multiple regression 
formulae. Upon both physiological and mathematical grounds 
the peculiar pattern and singular identity of the exponents in 
these formulae for the sexual differences in the relationship of 
basaI metabolism to body size and age elicit immediate doubt as 
to their correctness. Established clinical usage and a statisticai 
inquiry, though it utilized the standard deviatian rather than the 
mean deviation of the errors af prediction, into their performance' 

(I) The corresponding parabola by the method of least squares is 
y = 23.86 - 2.39 x - 0.99 %2 with a standard errar of 22.54. 
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(43), have shown the formulae to be empirically approximate or 
not grossly aberrant in comparison with alternative methods for 
estimating the normai basaI metabolismo The qllestion as to 
the determination of the proper constants in power formulae 
based on the data to effect a minimum percentile deviation has 
neverthe1ess remained openo 

On substitution of Iogarithms for their numericai values, 
the data yield for females an'd for males respectiveIy series of 
103 and of 109 observation equations of the form, log C = a + b 
log W + c log A, as 

302457 = a + 1.9713 b + 1.6435 c 302617 = a + 1.9335 b + I03802C, 
and o o o o o o o o o o o o o o 

300488 =a + I06684b + I07924c 301504=a+ 1.7803b+l07853co 

The graphic method of median Ioei is obviously not feasible 
in the treatment of observation planeso The analytic method, 
though appIicabIe, is not promising, when the independent vari
ables are several distinct variables, and not, as in Rhodes 
exampIe, different functions of a single variable, since the possibil
ity of the' selection of the appropriate trial observation equations 
by examination of the plotted observation points is exc1udedo 
While the graphic method is impracticable, and efficient prose
cution of the analytic method is prevented by the virtual impasse 
in the selection of the appropriate trial observation equations, 
the previously advanced formulae afford frrst approximations 
which can serve as initial triai values of the required parameterso 

The procedure for effecting the transition from these trial 
values of the parameters to the values of the parameters in the 
frnai solution for least deviations may be based upon two con
siderationso The deviation in the dependent variabie given by 
the observation equation, Zi = a + b Xi + C Yi, is equai to the 
difference between the value of its frrst parameter, a('i OXi'Yi)' and 
an assumed value of the flrst parameter, a, at the assumed values 
of the succeeding parameters, b, c, or to (a("oXi'Yi) - ah,c, and for 

a set of such observation equations the deviations sum will be 
least when the assumed value of the frrst parameter is identical 

n 

with its inedian value, am, and will then be equai to 01: !a(lioXi'Yi) 
,=1 

- am!b,co Given an observation equation, Zi = a + b Xi + C Yi, 

if any arbitrary set of values of the succeeding parameters, b, c, 
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is assigned, the value of its first parameter is determined as ai 
= Zi - b Xi - C Yi, and the least deviations sum of a set of such 
observation equations with the assigned values of the succeed-

n n 

ing parameters, ~ I Zi -a - b Xi -CYi I, is equal to ~ I ai-am Ib,C. 
1=1 i=l 

For the set of observation equations, Zi = a + b Xi + C Yi, the 
n 

least deviations sum, ~ I z. - (a + b Xi + C Yi) i , with a given set 
i=l 

of values of the succeeding parameters, b, c, is therefore equal 
to the sum of the deviations of its values oi the first parameter, 

n 

ai, from their 'median value, am, or ~ jai-am!b,c. Theleast 
i=l 

deviations sum far a set of selected trial values of band c may 
accordingly be computed if the number of observation equations 

n m-1 

is odd as D. (b, c) = ,~ ai - ~ ai. By this devi ce the least devia-
.=m+1 l 

tions sum far a given set of observation equations with any as
signed set of parameter values may be determined. A second 
approximation ,to the required values of the parameters may be 
arrived at by interpolation between sets of trial values and extra
polation beyond their smallest deviations sum. The graph of 
the variation of the deviations sum as the value of the simple or 
the weighted median is departed from approximates to the gen
eraI shape of a skew parabola. Similarly the graph of the var
iation of the deviations sum as the parameter point on the inter
secting or coincident median loci giving the minimum deviations 
sum is departed from assumes the form of a parabola or a para
boloid. Parabolic formulae will accordingly serve to interpolate 
between successive selected values of the parameters and to 
extrapolate below their deviations sums in the determination of 
second approximations to the required values of the pàrameters. 
The transition from these second approximations to the values 
of the final solution is effected by application of the method of 
median loci and its analytic criterion. 

Thus, by putting c= 0, and taking serial values 01 b, by 
putting b = 0, and taking serial values of c, and by taking sets 
made up of serial values of band c, series of values 01 a are, com
puted, their medians located, and their minimum deviation sums 
and mean deviations determined for the given sets of observa
tion equations for females (Fig. 14) and for males (Fig. 15). Then, 
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taking the least mean deviation and the associated b-, C-, or (b, 
c)-parameter values as the origin, differences in the mean de
viation as the dependent variable, and differences in the para
meter values as independent variable or variables, cubie para
bolas or paraboloids are fitted by the use of determinants to pass 
through two points on each side of, and in the case df the para
boloids through one point diagonally across from, the presump
tive position of the point sought, and derivatives of the mean 
deviàtion differences with respect to the parameter differences 
equated to zero and solved for the parameter increments or de
crements which on substitution in the equations give the greatest 
mean deviation decrements (Figs. 14, 15). Then, taking the 
resulting interpolated values òf b, of c, and of band c, as second 
approximations to the required values of the parameters, new 
median values of a are determined. The Iocus of the observa
tion equation giving each of these medians is considered in its 
relation to those of equations giving values adjacent to the med
ian. In the cases where the observation equations contain only 
two parameters of values other than zero the anaIytic criterion 
is applied to the segment of the median Iocus isolated for indi
cation of the direction from the parameter point representing the 
second approximation to points giving Iesser deviation sums. 
The first intersection in this direction of the isolated segmentOf 
the median locus with a contiguous segment of the median locus 
will be the minimum point if the sign of the increment ratio is 
positive for the succeeding segmento If the parameter at the 
required intersection should have a lesser value than the second 
approximation, an observation equation with a greater slope
angle than the present equation and giving a positive deviation, 
or with a lesser slope-angle and giving a negative deviation, is 
selected; if a greater value, a lesser slope-angle and a positive 
deviation, or a greater slope-angle and a negative deviation. 
In the cases where the observation equations contain three para
meters, the inclinations of theadjacent planes together with 
their distances from the median pIan es determine the selection 
of the two planes forming an intersection with the median pIane 
nearest the parameter point represented by the second approxi
mation. The analytic criterion is applied to the lines of intersec
tion of the three planes taken two at a time. The resulting min
imum percentile deviation power formula~ (Figs. 14, 15; Table V) 
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may be compared with the corresponding least squares formu1ae 
derived in the course of the classical procedure of corre1ation anal
ysis (Table V). 

The solution for least normal percentile deviations was de
termined by app1ying trial values of the direction cosines to the 
set of polar observation equations, log C cos ex. + log A cos ~ + 
log W cos y = p, for females, tracing a region of the median 10-
cus, and studying the values of the parti al derivati ves and the 
deviation sums at its intersections (Fig. 16; Table VI) (I) and 
may be compared with the corresponding least squares formula 
derived by the analytic method (Table V). 

Discussion. 

The combination of observations in two or more variables 
involves a decision between the determination of a dependent 
variable as an explicit function of one or more independent var
iables, as z = t (x, y, .. , u, v) and of the several variables as im
plicit functions of each other, t (x, y, .. , u, v) = O. The alter
native of the determination of one variable as an explicit function 
of other variables or of a mutually implicit function of several 
variables is not indicated by the data themselves but is dependent 
upon the purpose the data are to serve. And the purpose the 
data are to serve depends upon the use to which the function 
derived from them is to be put. 

An explicit function derìved from thepresent sets of complete 
data consisting of values of both the dependent and the indepèn
dent variables in effecting their adjustment provides an instrumen
tality for the completion of partial sets of the present data and 

(I) A more direct approach to the solution might have been to deter
mine the nonnal deviations sums for sets of trial values of the direction 
cosines, approximate to their required values by interpolation, and apply 
thc analytic criterion to the indica ted intersection. 

The figure representing the median loeus does not attempt to delineate 
thc aetual interseetions of the observation curves but only the tangent 
lines to the curves of intersection of the three surfaees taken two at a time 
at the point oi common intersection the direction cosines of which are eal
eulated from the observation equations transformed from poLu to rectan
guiar eoordinates. 
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by induction of aH other incomplete sets of similar data consisting 
of values of the independent variables alone. By means of the 
explicit function such sets of partial or incomplete data lacking 
the values of the dependent variable which are the quaesitae can 
be compIeted. An explicit function which serves to complete 
sets of incomplete data lacking one term by defining the values 
of the missing term is an instrumentality for operations of esti
mation or forecast. If the inquiry calls for an ìnstrumentality 
for the estimation or forecast of the values of one variable when 
fli; values of other variables are given it requires the determination 
of an explicit fundion. 

An implicit fundion derived from the present sets of complete 
dala in effecting their adjustment generalizes the quantitative 
relationships subsistlng between the several variables and by 
induction defines the relationships subsisting between the variables 
in alI other complete sets of similar data. The implicit function 
which is a generalization of the present sets of complete data and 
an induction from the present sets of complete data to a11 other 
complete sets of similar data is a device for determining the quan
titative relationships between the several variables and defining 
the class to which the present sets and a11 similar sets of the values 
of the variables which satisfy the relationship belong. If the 
inquiry calls for a definition of the quantitative relationships 
and of "the sets of concomitant values of several variables it re
quires the determination of an implicits function. 

The combination of observations to determine an explicit 
function attributes deviation exclusively to the dependent variable 
and denies it to the independent variables in the present sets of com
plete data because in the application of the function to subsequent 
sets of incomplete data the values of the independent variables 
will be given and the value of the dependent variable required. 
As many explicit functions are determinable for the sets of data 
as the number of the variables since each variable may be treated 
as a fundion of the other variables. The explicit function deter
mined from the sets of data differs according to which variable 
istreated as dependent upon the other independent variables. 
The combination of observations to determine an implicit func
tion attributes deviation to a11 the several variables, either equally 
as a matter of expediency, or to each in the proportion it contri-
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TABLE VI. 

= 

,60.6n61 '60.68471'60.6847~ " 3'°580 cos IX + 1.6990 eos ~ + 1.6812 COS Y = P 1: Xi 
111+1-

xtJI 3. 1483 3.°752 3.°580 3.°752 cos IX + 1.4314 cos ~ + 1.6513 cos Y = P 
m-l 

158 .3356 158 .3356 158.352811 3.1483 cos IX + 1.7782 COS ~ + 1.8567 cos Y = P 1: Xi 
i=l 

-----
74.4284i ~ Yi 

y", 

~ Yi 

-
1: Zi 

zm 

~ Zi 

(Pa(fJ) 

(Pa(y) 

(PfJ(a) 

iPf3 (y) 

iPy (a) 

iPy (f3) 

1: Xi 

Xm 

1: Xi 

1: Yi 

Y m 

1: Yi 

Z Zi 

Zm 

1: Zi 

iPa(f3) 

iPa(y) 

iPjJ(a) 

iPf3 (l') 

iPy(a) 

iPy (f3) 

---
<Pa(f3) 

<Pa(y) , 

(fJ{J (a) 

(fJf3 (y) 

<Py(Q) 

(fJy (fi) 

1: Xi 

Xm 

1: Xi 

1: y, 

Ym 
~ Yi 

l: Zi 

zm 
~ Zi 

I 
I 
I 

74. 0816 74.4284 
1.7782 1·4314 1.6990 

74. 2851 74. 2851 74. 0175 
L 

88.3157 88.5211 88.5211 

1. 8567 1.6513 1.6812 IX 

89'4°81 89·4°81 89.3782 ~ 
Y 

- 1.958 - 0.622 0.45 1 

- 0. 184 - 0.404 - 0'409/ 
0'482 0.157 -0.111 

0'446 0.055 - 0.218 !I 
- 0. 184 - 0.396 - 0.418 , 

1.741 0.214 - 0.852 I 
! 

160.6II6 160·5944 

3. 0580 3. 0752 

158 '4259 158 .4259 
--

74. 0816 74.3492 

1. 6990 1. 4314
1 

74.3643 74.3643' 

88.3157 88.3456 

1.6812 I. 6513 

89.5836 89.5836 

- 1 
1 

- 2.222 

0. 015 -0.002 

eos IX = 0.86254, cos ~ = 0.1I06r, eos y = 

I 

- 0·49373, P = 1.99548 

1 
cos L I / 

1 
sin L I 2L 

, 

0. 86254 30°23' 18" 0.5°598 60°46'36" 
0.11061 83°38'58" 0.99386 I 67° I 7' 56" 

-0·49373 119°35'10" 0.86968 239°10'20" 

, 
1 
I 

I 1 

1 

I 

-

sin 2 L ! 2 COS L 

0.87286 1.725°8 

0. 21987, 0,21122 

-0.858711 - 0,98746 
-

160·5944 iPa(y) ~ 0.5°598 (158.3356-

3. 1483 0.87286 
158 .3528 -160.6II6)+ 8 (88.3157-

-0.9 7~9 

-- 89.4081) = -0.184 
74.3492 

' .77
8'1 <>"" ~ 0.99386 (74. ,85' -

74. 0175 
0. 21987 

-74.0816)'+ 8 6 (88.3157-
88 3 6 -0·9 74 . 45 ' 

1. 8537 
89.378211--------------

et ectera 

0.3 14 

- 0. 217 de = 0.86254(160.6II6- 158 , 3356 ) 
- 1.

157
1 

0.560 
0.29

1 Il 
0.564 0.291 1 

=======-1- 0.044 + 0.II061 (74. 0816 -74. 2851 ) 
160·5944 -0.078 

2.9934 1- 0.219!1- 0.4')373 (88.3157- 89.-1081 ) = 0. 017 - 0·°°5 Il 
2.200 1.136 1 

" 
l=~·I6: 1- 0.007 

0.293 

160.4952 0.293 

3. 1744 1- 0.008 

158 '42591 I.I34 

74. 24911 
I. 5315 

74.3643[ 
I 

88.15°6 ' 

1.
8463

1 
89'5836 

158 .5°77 \-0. 391 l __ ~2.4~~9g ___ _ 
-1- -----

74.3492 0.[69 I 
I. 716o -0.2221 ~-_ cosL L 

__ 74.0797 ___ - 0.043 
88.3456 - 0.098 I 160'56~~i;~-----~I------
I. 5729 -0.21911 3.17441!1X 0.il6182130028'43" 

89.6620 - 0.38311 158'352811 ~ o. IIl39
i 

83° 33' 16" 

1'~---III.y '1-0. 49481 II 19° 29' 26" - 0.0900 

0. 103 

0.0002 

0.026 

0. 104 

o. T04 

74·5959 ! 

l. 531511. Ip = I. ~279 
74. 01751 -----

88' 356011 dc = 2.47976 
1.8463 

-----I~-=--~ -
-1.505 -1. 163 

Il 89.37821 ___ _ 

0.r5~ I r.r4 Il /' -/ C:-:L-I---;;=-1~~~~:01 -11--- 0.005 

0. 215 - 0.006 

0·379 0.294 

0·434 0.291 

0.212 .- 0.007 

1.691 
1 

I 1.134 
---

- 0.224 - 0.224 

- 0.041 1- 0.290 
- 0.098 - 0.348 O( 0.86170 30° 29' 32" 

1 0.
104

1 0.1°5 

1

- 0.0003 0.002 

0.026 0.028 

i 0.101 1 0.101 
I 0.101 0.106 

-I---------~-

- 0. 219 - 0.222 ~ 0.11202 83° 34' 6" 

- 0.376 - 1·34 l 

Y 1-0· 49488 1II9° 39' 43" I 
160'4952 160.413 

2·9934 3. 075 
41' 160.4134 
2 3.1744 

160.4134 160.5683 I~ =1 .99330 
3· 1483 2·9934 

158 . 6069 LJ! 158 .50 77 158.606c 158 .5338 158 '5338 
--~ 

~, 
---- ____ ---- 1 

74. 2491 

1.7160 

74. 1798 , 

74·5337 
1.431 

74· 179 

74·5337 
l. 5315 

74·°797 81 
.-~----, -----

'I 
I-~--

88. 1506
1 

88.072 

1.5729 1.6513 

I 89.6 20 
--~--- -----1--- ------------

74.5337
1 

74.59591 
1.7782 1.7160 1 , 

73. 8330 73· 8330 il 
--l' 

-8-8-.0-7 22 88 . 356011 

89.857°1 89. 8570 
1. 8357

1 
1. 571911 

89. 6516 89. 6516 11 

----1------1: 
l' 

1.95 li !:::; i- ::~:: 1 :::~~ i :::;~ 
<Pf3(a) I 0.I73!- 0.121 I 0.25 2 0.206 - 0·454 

0.442 o. Il5 li 
R il 

0·49 ii 
<pjJ(),)! . 0.312 • 0.046 ;- 0.097 0.0951-- 0.342 

<Py(a) 0.551 0.651 I 0.431 0.430 0.434 

=<P_y~(fJ~)==~~I. 214 o. I 88 ~! =0=, 3=/=5=1'-,,) =0='=3=6=1 "",1_=1=. 32 

0.470 
Il' 

O. III 1 

1.80 li 
-~_~-_ -.l''=c ___ -=~~=_~~=c-c--__ ----





1 27 

butes to the deviation of the data relativeto the function derived (r). 
Only oneimplicit function is determinable for the sets of data 
since alI the varia':.les are accorded a like status. 

The combination of observations in one variable by the determi
nation of the mode, the median, the mean, or the midpoint of the 
range, or of observations in two or more variables by the determina
tion of an explieit or implicit function by the method of the modal 
point, median loci (2), mean loei, or the mid-point of the least range, 
renders a minimum the sums of the absolute deviations raised to the 
zero, the first, the second, or the infinite power, characterized 
as most lesser-deviations, least deviations, least squares (3), and 

(I) An implicit funetion in m variables the values of In - I of which 
were exactly known, or to be regarded as approximately so as a matter of 
'expedieney, while the values of the remaining variable were liable to error. 
would be equivalent to an explieit function of the variables the values of 
whieh were exact1y known. 

(2) The analytic solution devised by Laplaee (11, 38) for Boseovich's 
eonditions (lO), that the sum of the positive correetions be equa! to the 
sum of the negative corrections on the assumption of the same degree of 
probability of errors in defect and of errors in exeess, and that the sum of 
all the corrections, positive as well as negative, be the least possible in order 
to reconciliate the observations as much as may be, is a method of mean 
and median loei. But the power-mean, x, which has the least tota! /)th_ 

n 
power absolute deviations su m, ~ l Xi - x!P = min., has equa l hilateral 

i=1 " 

k n 
P-Ith_power deviations sums, ~ (x-X;)P __ 1= ~ (x.-X)P_l(I). 

;=1 k+1 

The arithmetic mean is the second-order power-mean which has equal 
bilateral first-power absolute deviations sums or a zero "first-power '11-
gebraie deviations sum, while the median is the first-order power-mean 
giving the minimum absolute deviations sum but has equal bilaterial 
zero-power devia tions sums (I), so tha t the two conditions are ineonsistent. 
The method of mean and media n loei, which has been charaeterized as a 
hybrid between the method of least squares and the method of situation (12), 
employed as a preliminary step in Rhodes' analytic method of median 
loci (17), would in the case of two variables or parameters be likely to Jead 
direetly to one of the final median observation equations, as instaneed in 
the footnotes to numerica l examples numbers 6 and 8, or at least to a near
fina l-media n observation equation. 

(3) The method of moments developed by Pearson (44) which equates 
the area and moments given by the function to the area and moments ca 1-
culated from the data is equivalent to the method of least squares in t'te 
dependent variable for parabolas of any order with the distinetion that it 
renders least squared deviations of aH the points of some curve with the 
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the least greatest-deviation (r). Each method for the combination 
of observations involves a commitment to a determinate distri
bution of the relative frequencies of deviations of different ma
gnitudes, because each method determines the best value of the 
average or of the function for a certain particular distribution of 
the relative frequencies of deviations of different magnitudes 
alone, and that distribution of the relative frequencies of devia
tions of different magnitudes requires the application of the 

moment system determined by the observation points from the function 
instead of the least squared deviations of the observation points alone from 
the function. The fitting criterion based on t-he postulated equivalence 
of the moments of the data to the corresponding moments of the fitted 
valeus has also been shown by M. SASUL Y (Trend A nalysis 01 Statistics, 
Theory and Technique, Washington, 1934, 14, 203-212, 220-229, 239-241) 
to correspond to the fitting criterion based on least squares for the nth degree 
polynomial if its parameters are determined by postulating the equivalence 
of the first n + I moments. 

(I) Corresponding to the non-limiting members of the succession of 
methods of least power-sums of the deviations for all the data are methods 
of least power-sums of the deviations of somewhat arbitrary parts of the 
data. Such is Mayer's method (45), the earliest systematic procedure for 
the combination of observation equations more numerous than the para
meters, of simultaneous solution of a set of m composite equations, ~ (Zi = 

a + Xi b + )'i G + ... + Vi m), in which the summations extend over the 
parts of the sequence of observation equations arranged in the ascending 
order of the vallles of one of the variables, delimited by the indices which 

"'l n n ,') n 
are the integers nearest the values of 1 and _ ..... - + I ;\ nd 2 -- , --- + 

m l'n 111 m 
11 (m--2)n (m-I)n (m-I):l, 

,J'I and 3 -", .. , . __ ._- .... ·f· I ;tnd , + I anel '11, 
111 m 111 m 

preferably in the order 01 the independent variable, or, in the case of more 
than two variables, since it is advantageous·that the observation equations 
be so grouped that the contrasts between their several sums should be as 
great as possible, of that independent variable the variation of which has 
the most marked effect on the dependent variable, though a preliminary 
solution with the equations arranged in the order of the values of the depen
dent variable might be required to indicate the relative effects of the severa l 
independent variables on the dependent variable. Since the procedure 
is equivalent to passing a line or pIane through m points each of which is 
thc mean of n/m observation points, it may be designated the method of 
mean observation points, or, since it applies the arithmetic mean to each 
part of the data, the method of least squared deviations sums or of zero 
deviations sums. In as much as the mean observation points are the re
sult of applying the arithmetic mean equally to each variable in each part 
of the data, the line or pIane passing through them wilI more appropriately 
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method for the determination of the best value of the average or 
of the function. 

The relative fn .. y'uency distributions of the presumptive de
viations (48) or the presumptive relative frequency dis"tributions 
of the deviations are founded on hypotheses concerning the occur
rence of deviatipns of different magnitudes. Different presump
tive relative frequency distributions follow from different assump
tions concerning the occurrence of deviations of different magni
tudes. The different methods for the combination oi observations 

indicate the relationships between the several variables than it will desi
gnate the estimate of one variables to be derived from the values of the 
others. On this basis KOLLER (loc. cit.) has cited the line connecting the 
two mean observation points as a good approximation to the representa
tion of the fundamental relationship between the variables and derived 
the standard error of its direction coefficient. 

A variant of this method of mean observation points or of zero de· 
viations sums occurs in Dufton's method (46) of dividing the plotted obser
vation points into two groups at the media n of the independent variable and 
drawing aline to pass through the media n of the independent variable with 
respect to the line in each group, which may be designated the method of 
media n observation points or of least deviations sums. 

Other methods quite apart from the succession of methods of the 
least power-sums of the absolute deviations which tend to render the devia
tions a minimum without doing so in an algebraically determinate manner 
are Cauchy's method (4'7) of representing the dependent variable as a func
tion of a convergent series of independent variables by the application of 
the theorem, that the fraction . formed by the sum of alI the numerators 
divided by the sum of all the denominators oi a sequence of unequal frac
tions the denominators of which are alI of the same sign is intermediate in 
magnitude between the greatest and the least of them, successively to the 
values of the dependent varia ble and the coefficients of the fìrst parameter 
in the observation equations to determine the fìrst parameter which is stet 
mean of the values of the dependent variable, to the corrections required on 
substitution of the fìrst parameter for the values of the dependent variable 
and the deviations of the values of the fìrst independent variable from 
their mean to determine the value of the second parameter, and to the 
corrections required after the substitution of alI the preceding parameters 
and the deviations of the values of each succeeding independent variable 
from their mean to determine each succeeding parameter, and Goedseels' 
most approximative method (28,30) by which, when known values of the 
extreme positive and negative deviations are substituted in the deviations 
inequalities, the limits of the smallest interval which contains the value of 
each parameter is determined by the successive elimination of aU the other 
parameters, the mid-point of which interval is the most approximative 
value of the parameter and the semi-interval its degree of approximation. 

9 
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also follow from these ciiflerent assumptions. the varÌation of 
the relative frequency of the deviations with their magnitude 
describes a deviations distribution represented analytically by a 
deviations function. The presumptive deviations functions may 
be derived from the assumptions and the methods for the combi
nation of observations deduced from the functions, or the methods 
based on the assumptions and the functions deduced from the 
methods (I). 

(I) To determine what average should be taken for three observations 
of the same phenomenon, Laplace (50) postulated that an error in excess is as 
probable as an error in defect, tbat tbe probability of an infinite error is 
null, and that the total probability of all the errdrs is unity, referred to a 
theorem on the probability of tbe causes of events, and arrived at tbe re-

m -",I%.-xl 
flected negative exponential function, c;P (Xi - %) = -- e ' , 

2 

as representing tbe probability of an error as a function of the error, from 
which almost a century later Glaisher (51) in turn deduced as a direct result 
the self-styled remarkable conc1usion, tba.t, since tbe condition that the 
exponential probability function, 

II,, '" ( . _ ) _ (~)n . - m ( I Xl - x I + I %2 - % I + ... ) 
'j! X t ~t' - e , 

i=1 2 

be a maximum is that the linear error function, 
y = I %1- X I + x" - x 1+ ... , 

be a minirnum, the definitions oi the hitherto undefined simple median 
define the most probable value. Taking 

n n 

log II c;P (%i - x) = n (log m - log 2) - m ~ I %i - .'1'[ , equation of the 
i=1 i=1 

partial derivative with respect 1:0 % to zero, _il_ II c;P (%., - %) = 0, produc-
i)% 

es the definition of the simple median for its most probable value, and 
equation of the partial derivative with respect to m to zero, 

_il_ II c;P (Xi _ %) = ...!!..... - ~ I Xi - % I = 0, so that n 
i) m m m = ~ I %i -x l' 

the reciprocal of the mean absolute deviation (52). Very recently this 
median error-function has been derived anew from theorems on the proba~ 
bility of events upon the explicit basis of tbe first assumption alone (53). 
Conversely the error functìon can be deduced from tbe definitìon of the 
media n and its minimum deviations sum property on the assumption tbat 
it is tbe most probable value (49. 54). 

Similarly postulate sets can be posited as a basis for tbe normal error 
function from wbicb the arithmetic mean can be deduced as tbem ost prob
able value (52), or the normal error function can be deduced from the ass
umption that the mean is the most probable vaIue (21), but a more criticaI 
selection oi assumptions and postulates and mathematical deduction 
pursues an intermediary course (55). 
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The best value of a variable or of a function of one or more 
variables is indeterminate without a deviations distribution (49). 
For each deviations distribution a certain function of the data 
constitutes their best value. In order that each method for the 
combination of obser:vations determine their best value the data 
must conform to a certain deviations distribution. These devia
tions distributions may be represented by deviations functions. 
The methods for the combination of observations represent com
bining functions. The deviations function determines the com
bining function, and the combining function determines the de
viations function. Probability may be defined as the relative 
frequency in a presumptive deviations distribution (48). The 
best value for a specific deviations distribution is then the most 
probable value for that deviations distribution. 

The several methods for the combination of observations and 
their associated deviations distributions depend upon certain sets 
of corresponding assumptions regarding the frequencies of the 
occurrence of deviations of related magnitudes. The positing of 
such a cardinal assumption as that lesser deviations are of greater 
frequency, that positive and negative deviations are of equal fre
quency, that equal positive and negative deviations are of equal 
frequency, or that the greatest deviation is of finite frequency, 
together with the necessary supporting postulates is the founda
tion of a method for the combination of observations and of a 
deviations function. The methods for the combination of obser
vations conforming to such sets of assumptions are respectively 
the methods of most lesser-deviations, of least deviations, of 
least squares, and of the least greatest-deviation, or the methods 
of the mode and the modal point, of the median, median loci, 
and the median locus, of the mean, mean loci, and the mean locus, 
and of the mid-point of the range or of the least range. The 
deviations distributions accordant with the same sets of assump
tions are a sharp peak which would reach its limiting form in the 
single isolated concentrated frequency (56), the reflected negative 
exponential curve (56), the normal probability curve, and a lim
ited-range curve which would reach its limiting form in the 
rectangle (56). 

The method for the combination of observations to be applied 
in the determination of an average or of an explicit or implicit 
function should be implicit in the data and indicated by the data. 
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The method for the combination oi observations assumes a Cef
tain distribution of deviations of different magnitudes and the 
distribution of deviations of different magnitudes indicates the 
appropriate, method for the combination of observations. The 
cruciai question is to match the actuai deviations distribution (48) 
most closely with a presumptive deviations distribution (r). In 

(I) The form of the presumptive deviations distributions ranges 
from the single isolated frequency through the reflected exponential curve 
and the normal probability curve ta the rectangle. Actual deviations 
distributions ma y be c1assified according to their positions in rela tion to 
these presumptive deviations distribution. The method for the combina
tion of observations appropriate to any data is the method corresponding 
to the presumptive 'deviations distribution to which is actual deviations 
distribution most c10sely conforms. 

The relative values of the root mean squared deviation, the mean 
deviation, and the media n deviation are determinate for each deviations 

I 1.< ! 
function: fOI the media n deviations-functian, <Il (x) d x = -- e - -1]- dx, 

2'1) 
the ratios are 'I) : a: r = I : l'4I4I : 0.6932 or a: 'I) : r = 1 : 0.7°72: 0.4902, 

I 
and for the mean deviations-function, tI> (x) d x = ,/- e - 2(j2 dx, the 

ayz7'C 

ratios are a: 'I): r = I : 0.7979: 0.6745 or '1): o: r = 1 : 1.2533: 0.8453 (53). 
The ratios far the actual deviations distributian may be compared with the 
ratias for these presumptive distributions as a test for the position of the 
actual deviations distribution in relation to these presumptive devia
tions distributions. 

But the effectiveness of the comparison is somewhat impaired by the 
fact that for each set af data the standard deviation, mean deviation, and 
median deviation will differ according to the method for the combination 
of observations employed since in actual deviations distributions in con
tradistinction to presumptive distributions the mode. the media n, the mean, 
and the mid-point of the interquartile range are not likely to coincide and 
the successive methods for the combination of observations are based upon 
these averages. Thus in numerical example number 9 where antecedent 
economie considerations and subsequent considerations of goodness of 
fìt fa vor the solution for least deviations over the solution for least squares. 
the solution for least deviations gives a mean deviation of 15.32, a standard 
deviation of about 29.33. and a media n deviation of about IO witb the ratios 
'1) : CI: r = I : 1.917 : 0.653 or CI: '1) : r = I : 0.522: 0.342, which suggest a 
deviations distribution intermediary to the median distribution and a 
modal distribution, the solution for least squares gives a standard deviation 
of 22.54, a mean deviation of about 17.29, and a media n deviation of about 
12 with the ratios, CI: '1): r = l: 0.767 : 0.533 or 'I): a: r = J: 1.3°4: 0.693, 
which suggest a distribution intermediary to the medbn and mean distri-
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practice the more pertinent question will more often be the as
sumptions antecedent to which deviations function best agree 
with the experimentr:l conditions, or the function resulting from 
the application of which method for the combination of observa
tions will best meet the research requirements. 

butions but perhaps nearer to the mean distribution and considered by 
themselves might justify a least squares solution. and a solution for least 
quartile deviation by the method of the mid-point of the least interquartile 
range would give a quartile deviation smaller than either of the preceding 
median deviations, standard deviations and mean deviations greater than 
the smaller of the preceding standard and mean devia tions, and still other 
ratios. The ratios of the minimum standard deviation, mean deviation, 
and quartile deviation obtainable from the data, (j: 'Il: r = 22·54: 15.32: 
< 7.25 = 1 : 0.678 : < 0.322 or 'Il: (j: r = I: I.473: < 0.474, suggest 
approximate conformity to the median distribution. The ratios of the 
mean deviations and the standard deviations for corresponding formulae 
for least deviations and for least squares in one dependent variable, in 
the normals, and in the other dependent variable in Table III for numerical 
example number 7, which are (j: 'Il = 1 : 0.893. 1 : 0.833, and I : 813 suggest 
approximate conformity to the mean distribution in a deviations distri
bution intermediary to the mean distribution and 'l mid-point of the range 
distribution. The ratios of the mean and standard deviations 'for corres
ponding formulae in Table V for numerical example number IO which are (j: 
: 1) = I: 0.807, I : 783, I: 0.788, and I: 0.773 for females, and I: 0.746, 
I: 0.764, and I : 739 for males, suggest distributions intermediary to the 
median and the mean, for females approximating to the mean, and for 
males tending toward the mediano The decisiveness of the comparison 
of the calculated ratios with the theoreticaI ratios is further vitiated by 
the error to which the calculated de~iations are subject. 

The proportiona te values of the pro ba bili ty integraI for devia tions of 
different magnitudes are also determinate for each deviations function. 
Subsequent to the derivation of averages or equations by both the me
thod of least deviations and the method of least squares, some indication 
of which is more properly applicable to the data may be secured by deter
mining whether the frequency distribution of the deviations of different 
magnitudes given by the average or equation derived by the method of 
least deviations i8 in closer accord with the distribution defined by the 

least deviations probability integral,- e-l] d x, than in the 
I j+\)'I] Ixl 

2 'Il -\)'I] 

distribution of the deviations given by the average or equation derived by 
the method of least squares with the least squares probability integraI, 

I J+ \)" x' , 
<1'/- e- 2"'dx, in which u represents an arbitrary factor. If the 

f27t _ \)" ' 

deviations distribuzion for the least deviations average or equation con
forms to the least deviations probability integraI, 0.5000 of the deviations 
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The mode and the methods af the modal point apply to the 
condition of relative exactitude in a certain part af the data with 
gross uncertainty in the rest of the data. In the physical sciences 

will lie within the limits of ± 0.6932 'I) (53), and 0.632l, 0.8647, 0.9502, 
0.9817, 0.9933, 0.9975,0.999 1 , and 0.9997 within the limits of ± 'I), ± 2 'I), 

± 3 'I), ± 4 'I). ± 5 'I), ± 6 'I), ± 7 'I), and ± 8 'I), and if the deviations di
stribution fo the least squares average or equation conforms to the least 
squ<lres probability integraI, 0.5000 willlie within the limits of ± 0.6745 0, 
and 0.6827,0.9545,0.9973, and 0.9999 within the limits oi ± 0, ± 20, ± 30, 
and ± 4 CI. Comparison on tbis basis of the aduàJ devia tions distri bu
tions for each type of formula for which equations have been derived 
by each method in numerical exarnple nurnber IO with tbe tbeoretical 
distribution for the metbod wilI therefore afford . some indica tion of the 
relative appropri8teness of tbe alternative methods to the data. 

TABLE VII. 

Comparison 01 A ctual and Theoretical Percentages in Deviations Distribution. 
-

I 
M E T H o 

TYPEOF L E A S T DEVIATIONS 

SEX 
FORMULA l Successive Multiples Quartiles of Mean Deviations 

25 25 25 25 63.2 8~.5 96.0 98.2199.3 

Female Average 27 22 27 23 59 88 98 100 

Age 28 22 21 29 63 9I 99 100 

Weight 34 16 26 24 62 84 !oo 

Weight-Age 29 21 19 31 54 92 99 100 

J\ .-!aIe Average 28 22 22 28 58 8g 98 99 99 
Age 28 22 22 28 58 89 98 99 99 
Weight 32 r8 25 25 55 89 99 100 

Weight-Age 29 21 21 29 55 90
1 98 IOO 

D 

LEAST 

Quartiles 

25 25 25 

24 24 31 

25 26 23 

23 24 28 

27 26
1 

21 

I 

28\ 24,27 

23128 28 

26! 23 27

1 
251 31 28 

SQUARES 

25 

20 

25 

24 

26 

22 

21 

24 

26 

I Standard 
Deviations 

68.3 95.5 99. 7 

65 g61 00 

O 68 96 

70 96 

66197 

72 96 

72 97 

67 97 
69 97 

IO 

IO O 

IO O 

99 

99 
IO O 

IO o 

With a verages and equations derived by the rnethod of least deviations, 
srnaller percentages of the devia tions occur witbin tbe range of tbe quartiles 
and greater percentages beyond thern, and smaller percentages within the 
J:ange of the fìrst multiple and greater percentages within the ranges of 
the succeeding multiples oi the mean deviation than are consistent witb 
the least devia tions integraI. \Vith a verages and equa tions derived by 
tbe rnethod of least squares the percentages of the deviations witbin the 
ranges of tbe quartiles and the successive multipies of the standard devia
tion appear to be consistent with the least squares integraI. Hence the 
method ai least squares proves ta be preferentially applica ble ta the data. 
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such data subject to irregular irregularities might accrue in the 
course of the perfection of experimental methods and result 
from combining data. secured by methods of very different degrees 
of refinement. The greater deviations will not affect the result 
at alI. Solutions for most lesser-deviations are applicable to 
situations in which an approximation is required to have a neglig
ible error as often as possible but in which when it has an appre
ciable error the mere occurrence of such an error is of greater 
importance than its precise magnitude. Such would appear to 
be the psychic method of combining perceptions in the learning 
and performance of skilled acts in which inadequacy or failure 
of the response to the situation is only such divergence of the re
sponse from that response which is accompanied by the accustom
ed feeling of its rightness as is great enough to give rise to a 
sense of its incompletion, a feeling of a break in its rhythm, and 
a need for its repetition or readjustment. The application of the 
method of most lesser-deviations results in the definition of a re
lationship or ano instrumentality for an estimate or forecast which 
will be as exact as possible as often as possible. Manufacturers 
of ready-made clothing might profit from the employment of im
plicit functions for most lesser-deviations relating various body 
lengths and circumferences since it would be of advantage to pro
duce clothes fitting the greatest number of customers with the 
fewest alterations and how much of an alteration was required 
for such customers as still required any alteration at all would 
be of lesser consequence. And the stocking sales-person who 
applies the traditional artifice of estimating the length of the foot 
as equal to the circuit of the fist might do better with an explicit 
function for most lesser-deviations and as a result have fewer 
items returned for exchange. 

The median and the methods of median Ioci and the median 
locus apply to the condition of haphazard variation in the exac
titude of the data (53). Such data subject io random irregula
riti es might result from experimental methods affected by certain 
uncontrolled or imperfectly controlled causes of inconstancy. 
Since the greater deviations affect the solution only in propor
tion to their own magnitude (38), the result do es not depend unduly 
upon the less exact data (38, 17, 53). When the observations 
are discordant by reason of the varying degrees of their uncertainty, 
methods based. on the median are not only appropriate, but are 



better than methods based on the mean (38, 12. 13). Solutions 
for least deviations are applicable to situations in which an approxi
mation is required to have the least possible mean error. 

The mean and the methods of mean Ioci and the mean locus 
apply to tIle condition of constant exactitude throughout the 
data. Such data require a perfected and controlled experimental 
method and technique. The greater deviations may then be al
lowed a disproportionately greater weight in determining the 
result. Solutions for least squares is applìcable to situations in 
whìch an approximation is required to have the least possible 
standard error. 

The mid-point of the range and the methods of the midpoint 
of the least range apply to the condition that the greatest inexac
titude to which the data are subject is limited. Such data affec
ted by only finite irregularities comprise the results of any and 
all experimental methods. The method of the least greatest
deviation was original1y employed as a crude test of the hypothesis 
that a given functional relation obtained between the independent 
and dependent variables, whìch was tenable if the least greatest
deviation proved to be within the limits' of the error to which the 
observations of the dependent variable were judged to be suseep
tibie (27. 38). The greatest deviations are given all the weight 
in determining the result. Solutions for the least greatest-de
viation are applicable to situations in which an approximation 
is required to be exact only within the extreme limits of a stated 
fixed interval (28. 29). 

The method for the combination of observations selected may 
final1y be influeneed by eonsiderations of eomputationai exigency 
or convenience. The methods of most Iesser-deviations and of 
the least greatest-deviation are merely the limiting cases and the 
methods of least deviations and of least squares the simplest 
prototypes for odd and even finite integers of the complete sequenee 
of all the possible methods of positive-power sums of the absolute 
deviations. The method of least sq uares itself was advocated 
on grounds of analytic expedieney (20) before its first theoretical 
justifieation was advanced (21). Analytic faeility has perhaps 
been coequal in influence with a speeial alliance to the theory of 
mathematical probability (55) in enabling it to continue after 
thirteen decades to be in the active process of significant develop
mento Mean Ioei and their intersections and the mean locus and 
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its criticaI values are completely defined analyticalIy. The ap
plication of the method of least squares accordingly depends 
merely on introducing the observation numbers into an automatic 
algebraic mechanism. The multiplication of the number of vari
ables alters merely the compass and length but not the feasibility 
of the procedure. The other methods generalIy depend upon 
the preliminary transformation of the observation numbers into 
observation 'points or observation loci and therefore require geo
metrie plots and diagrams. U pon these diagrams the modal 
point must be isolated, the median loci traced, or the extreme loci 
distinguished. The locus which, in the case of the mean, is ob
tained by a single stroke of analysis, must, in the case of the me
dian, be traced segment by segment (12). At the third variable 
such graphic methods reach their ultimate extreme, if not of 
practicability, then of practical resource and endurance. The 
methods of the modal point, which for two variables are equivalent 
to drawing aline through the densest region of a swarm of obser
vation points, as presented constitutes no more than a planned 
approach to a sensible solution. The methods of median loci 
and of the median locus are provided with analytic criteria pos
sessed of directive and definitive efficacy. The methods of se
lected extreme observation points, arithmetically perhaps the 
most simple and direct of alI methods for the analytic determina
tion of straight lines, depend on spatial perceptions wh.ich may 
be tested numerically. The alternative methods of the mid
point of the least range are, like the methods of median loci and 
the median locus, provided with analytic criteria possessed of 
directive and definitive efficacy. The method of median loci, as 
has been truly remarked, involves to some extent the practice 
of trial and error (57). In fact all such methods as require the 
selection of observation points or of observation equations, the 
designation of a particular parameter point or the tracing of par
ticular loci, or the substitution of trial values of the parameters 
are by such tokens zeteti'c. The prosperity of the search depends 
not on its method and instrumentalities alone but on knowing 
where to seek. 
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S. S. WILKS 

The Analysis of Variance and Covariance in 

Non-Orthogonal Data 

The simple arithmetical procedure suitable for analyzing 
the variance in data from orthogonal and other well-designed 
experiments has been thoroughly discussed [I, 2, 4J and widely 
used. However, there are many situations in which non-orthog
onal data is unavoidable. For example, in experiments on live
stock in which sex cannot be determined at the beginning of 
the experiment sex and treatments will not be orthogonal. Even 
in experiments which are designed to be orthogonal, it is not in
frequent that damage or loss of some of the observations beset 
the orthogonality. Again, in problems arising in medicaI work 
in which all available data must be used, orthogonality with 
respect to each of several factors cannot in generaI be attained. 
The same type of problem arises in attempts ai estimating post
parole behavior from the records of released and p;;troled criminals. 

USE OF DISCRETE VARIATES IN A 2 X 3 CLASSIFICATION. 

The usual procedure, which has been discussed by Yates [3] 
for handling problems involving non-orthogonal data consists in 
determining constants in linear combination by least squares, 
computing the sum of squared residuals, and using an appropriate 
test of significance for the particular hypothesis considered. In 
a considerable number of such problems the pertinent questions 
can be answered by simply applying significance tests to various 



sums of squared residuals computed under the different hypo~ 
theses considered. The method oi determining constants and 
computing residuals is cumbersome at be.>t, but there is a method 
of finding the sum of squared residuals without having to deter~ 
mine the constants, which the author proposes to discuss here. 
The device is simply one of introducing variates which take the 
values o or I and reducing the whole procedure to a problem in 

, classical regression theory, and evaluating certain determinants. 
We shall first consider the theory oi the method and th~n 

illustrate it with a set of data. First, consider a two-way classi
fication arranged for convenience in two rows and three columns, 
so that each observation is characterized by a continuous variate x, 
a particular row and a particular column. Without setting up 
any specific hypothesis at present we shall suppose that a generaI 
mean and any particular row or column operate additively to 
produce the true mean oi the x's falling in this row and column. 
This can be expressed as folIows 

, where 

(2) ~l + ~2 + ~~ = O 

and i = I, 2, ... N, N being the number of observations. The 
ò's can be either O or I, but for any observation, that is, any value 
of i, one of them must be I and the other o. A similar statement 
holds for the r:;' s. This is due to the tact that each observation 
belongs to one row and one column. (I) can be regarded as a 
classical regression equation in which {-L, the ct.'s and the Ws are 
to be estimated subject to the restrictions (2). The independent 
variates are the ò' sand the ;;' s. We form the sum of squares 

N 

ql = 1: (Xi - m;)2 
i=1 

which must be minimized subject to (2). This is equivalent to 
finding the unrestricted minimum of 

N 

(4) ql' = 1: (Xi - mi)2 + À1 (~I + (X.2) + À2 (~l + ~2 + ~3). 
i=1 



(6) 
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The normal equations are now 

=0 

=0 

=0 

(5) 
+À:l =0 

+ À2 = O 

=0 

=0 

We note that L 3li a2i = O , L 3~i = L ali = N1. , 

l: a~; = L 32; = N 2 • , L ali eli = Nn , :l: e!i = :l: eli = N' l , 

L ali (1.; = N l • Xl' , etc., where N 1• is the number and X\. the 
mean of the x's of the individuals in the first column, with similar 
meanings for N 2• and X2' Similarly, N.1 is the number and X'l 

the mean of the x's of the individuals in the first column, with 
similar meanings for N.2 , X'2' N' 3 , X.3· Nn is the number 
of observations in the first row and first column, with similar 
meanings for N 12 , N 21 ,etc. Thus, the equations in (5) can be 
written as 

N f1. + N l • (1.1 + N 2 • (1.~ + N' I ~1 + N' 2 ~~ + N.3 ~3 = N X 

N1• f1. + N j • ~1 + Nn ~l + N I2 ~2 + N 13 ~3 + À1 == N I · Xl' 

N 2 • f1. + N 2 • (1.2 + N 21 ~1 + N 22 ~~ + N 23 ~3 + À1 = N 2 • X2' 

N'l f1. + Nll (1.1 + Nn (1.2 + N.1 ~j + À2 = N' l X'l 

N' 2 f1. + N 12 (1.1 + N 22 (1.2 + N' 2 ~2 + À2 = N' 2 X'2 

N' 3 f1. + N u (1.1 + N2~ (1.2 + N·a ~3 + À2 = N.a X' O 

(1.1 + (1.2 = O 

~l + ~2 + ~3 = O 



The determinant of the coefficients of [L, the a.'s, Ws and j..'s in these 
equations isnot zero; therefore, the equations have a unique 
solution. Both j..'s will be zer~ as car be easily seen from their 
values in terms of determinants. Thus, the values of [L, the (X's 
and ~'s obtainable from these equations minimize the sum of 
squares in (3) when the conditions (2) are imposed. The value 
of the minimum value of (jì which is the same as that of ql' is obtain
ed by substituting the values of [L, the (X's and Ws from (6) into(3). 
If this substitution is performed, using determinants, and if the 
residuals Xi - mi are squared and summed over alI observations, 
that is, with respect to the i, we get the sum of the squared resid
uals to be expr:essible as the ratio of two determinants as follows, 

~X2 Nx 51' 52' 5'1 S.~ 5'3 O O 
N'X N N l · N 2 • N' l N' 2 N'3 O O 

51' N l . N!. O Nn N 12 N 13 I O 

52' N 2 • O N2. N 21 N 22 Nn I O 
R ([L, (J.r, ~s) = 

I 
5'1 N'l Nn N 21 N'l O O O 

Ll 
I 

5'2 N' 2 N 12 N 22 O N'2 O O I 

(7) 5.3 N' 3 N 1S N 23 O O N·a O I 

O O I I O O O O O 
O O O O I I I O O 

where N 1. Xl' = 5'1 , etc., and Ll is the determinant obtained by 
deleting the first row and column of the determinant in the nu
mera tor of the expression for R ([L, (X, , ~s ). R ([L, a.r, ~s) will ha ve 
N - 4 degrees of freedom, that is, the number of observations 
minus the number of independent constants, which is 4 in this 
case ([L, one a. andtwoWs). Underthe assumption that the expected 
value of X is given by (r), and if Nu ' = N12 = ... = N 23 , effects 
due to rows and columns are said to be orthogonal. In the or
thogonal case and also other special cases including that of propor
tional frequencies in rows or columns the determiriants in (7) 
are very easy to evaluate and R (~, IJ., , ~s) reduces to the usual er
ror sum of squares entering into the analysis of variance associat
ed with this type of data. In the non-orthogonal case, the eval
uation of the determinants becomes somewhat more tedious. 
If an appropriate significance test, based on the sums of squares 
of residuals, indicates that certain main effects are existent, then, 
under the assumption that [L, the ",,'s and Ws operate additively, 
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estimates of these effects (that is, estimates of the rx's and Ws) 
can be obtained from equations (6) in the usual way. Equations (6) 
can aIways be set up from the elements of the determinant in the 
numerator of R ([1., ('J." ~s) as given in (7). To estimate, for exam-

pIe, ~l we use the ratio À~l where À is the same as that in (7) 

and Àl'll is the determinant obtained by interchanging .the first 
and fifth coIumns in the numerator of (7) and then deleting the 
first row and coIumn. 

Uriless there are a priori grounds for assuming effects due 
to rows and coIumns operate additiveIy as in (I), it is important 
to test for the existence of interaction between rows and coIumns. 
To do this we assume the true mean of the r-th row and s-th 
coIumn to be [1. + rx~,s where ~ ('J.~,s = O and calculate the sum 
of the squares of the residuaIs within classes, say R ([1., ('J.~,s), which 
will ha ve N - 6 degrees of freedom in this case. If in teraction 
between rows and coIumns is non -existen t, then R ([1. , ('J." ~s) -
R ([1., rx~,s) and R ([1., ('J.~,s) will be independent1y distributed 
with 2 and N - 6 degrees of freedom. Thus R. A. Fisher's z test 
can be used. The anaIysis of variance table for testing the 
interaction wouId take the form 

Degrees of Freedon Sums af Squares 

Interaction ..... 2 A-B 
(8) Error .......... N-6 R ( [1. , ('J.~rs ) =B 

'TotaI. ...... N-4 R ([1. , ('J." ~s ) =A 

l [(N-6)(A-B)] We campute z = T Iage 2 B and determine 

significance from Fisher's tables with nl = 2, and n2 = N - 6. 
2- 1 zl 

Instead, Snedecor's F, that is e 2 ,couId be used. 
If interaction is nan-significant, we can then praceed to make 

a significance test for main effects, for exampIe, due to calumns. 
The procedure then is to assume the Ws to be zero in (I) and de
termine the sum of the squares of residuaIs (3) subject to the con
ditian that ('J.l + rx~ = O. Denoting the sum af squares by 

lO 
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R ( (1. , OCr ) we find by the method used in determining R ({1. , \I., , ~s ) 

that 

};X2 NX 51. 5;. O 

(9) 
Nx N N l • N 2 • O 

I 
R ( u. , OCs ) = - SI' N l . N l . O I 

. .1.' 
52' N 2 • O N2 • I 

O O I I O 

.1.' having a meaning similar to that of A in (7). It will be no
ticed that the determinants in (9) are obtained by deleting the rows 
and columns in the determinants in (7) associated with the Ws and 
À2 • The anaIysis of variance table for testing for effects due to 
columns is, 

Columns 

(IO) Error .......... . 

Total ...... . 

Degrees a Freedam 

2 

N-4 

N-2 

Sums ai Squares 

A--B 

R ( (1. , oc, , ~s) = B 

R ( /.t , oc, ) =A 

Similarly, one can set up a table for testing for effect due to rows. 
It should be pointed out that one can always compare varia

tion within classes with variation between classes and test w hether 
the estimates of the subclass means {1. + ;-~rs vary excessively 
from each other. But such a test would serve hardly more than 
an explora tory step, for, in the case af significance, it alone would 
furnish no information as to whether the variation was due to 
rOW6, to columns, or both, either additively, or in a more complex 
law of operation. In the event of non-significance, the test would 
indicate, af caurse, the futility of further more refined work on 
the same data. 

TRIPLE CLASSIFICATION 

The extension of the above procedure to an m X n c1assifì
cation is immediate. In the case of an m X. n X p classifìcation, 
one would set up the determinants defining the sum of squares 
R (/.t, OC" ~s, Yt) from which R ({1. ,OCr, ~s), R ({1., oc,), etc. can 
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be obtained by deleting certain rows and columns. As an exam
pIe of a triple c1assification consider the 2 X 2 X 3 case, in which 

(II) mi = [I. + tll.ali + tl2 a2i + ~l eli + ~2 e2i + '{l eli + '{2 e2i + '{3 e3i 

where 

(12) tll + OC2 = O, ~l + ~2 = O, '{l + '{2 + '{3 = o . 
By the same steps used in the 2 X 3 case we find 

~ X2 N X SI" 52" S'I' 5'2' 5 .. 1 5"2 5"3 O O 

NxN N l •· N 2 •. N. I • N.2 . N" 1 N" 2 N" 3 O O 

SI" N l •• N l •• O Nll • N 12 • NH N l ' 2 NH 1 O 

52" N 2 •• O N 2 •• Nn. N 22 . N 2' 1 N 2' 2 N 2' 3 1 O 

S'I' N. l • N ll . Nn· N. l • O N. ll N'12 N. la O 1 

1 5'2' N. t . N 12 • N 22 • O N. 2• N'21 N' 22 N' 23 O 1 
R ([I., tl, , ~s , '(t) = fil' 

S"l N" 1 NH NH N. ll N. 2l N .. l O O O O 

(13) 5"2 N" 2 N 1 ' 2 N 2' 2 N' 12 N' 22 O N" 2 O O O 

5"3 N" 3 N 1 ' 3 N 2' 3 N'13 N' J3 O O N" 3 O O 

O O 1 1 O O O O O O O 

O O O O I I O O O O O 

O O O O O O I I 1 O O 

where 6;." has a meaning similar to 6;. in (7). The meanings of 
the N's are similar to those in the 2 X 3 case. For example, N l · . 

is the number of observations in which tll is operative, N 2' 3 

is the number in which tl2 and '{3 operate, etc. 51" = N l • • X\ . . , 
etc., where x\ .. is the mean of the x's on which tll operate. It 
will be noticed that due to the three sets of conditions (12) 
there are now three rows and coIumns of O's and 1'S bordering 
the determinant in (13). The condition. for complete orthogon
ality for all three sets of effects under the additive hypothesis 
expressed by (II), is that the numbers within each of the types 
N,s. , N,.I , and N' sl be equal, and, of course, 

~ N rs .= ~ N r . t = ~ N. st = N . 
r, s , , t s, I 

If there had been onIy two '{'s, and each N with double sub
scripts had been equa! to 1, we would then have a 2 X 2 Latin 
Square, with the tl'S, Ws and '{'s referring to rows, columns and 
treatments. 

O 

O 

O 

O 

O 

O 

1 

1 

1 

O 

"O 

O 



The determinants in the various sums of squares of residuals 
would . then be extremely simple, and upon evaluation would 
reduce to the familiar expression entedng into the analysis of 
variance for Latin Squares. 

Now, suppose we wish to test the hypothesis that the effects 
due to the three classifications are additive, that is, that interac
tion is non-existent. We would calcuiate the sum of squared 
residuals within classes, say R (fL , IX ~ Yrst) which is similar to 
R (fL ,cX(3rs) for the two-way c1assifi.cation, and apply Fisher's 
z-test to the following table, 

In teraction .... . 

(14) Error ......... . 

Totai ..... . 

Degrees of Freedom 

7 
N-12 

N-S 

Sum of Squares 

A-B 
R (fL , IX ~ Y,st ) = B 

R (fL, IX" ~s, Yt) = A 

If the z-test does not yeld signifi.cance here then, of course,no 
interaction of any order can be assumed to exist. However, 
if there is interaction it may be only of fi.rst order. To test for 
first order interaction, as for exampIe, that between the effects 
represented by the IX'S and Ws when it is assumed that the effects 
represented by the Y's and the joint effects of the IX'S and ~'s are 
additive, we determine the sum of squared residuals R (fL , IX ~,; , Yt) 
where ~ Yt = 0, ~ IX ~,s = O, and use the information in the tabIe, 

t r, s 

Interaction (IX X ~) .. 

(1S) Error ............ . 

Totai ........... . 

Degrees of Freèdom 

I 

N-6 

N-S 

Sums of Squares 

A-B 
R (fL , ~'S ,Yt ) = B 

R (fL , IX, , ~s , Yt) = A 

It will be noticed that R (fL, IX ~,s, Yt) is essentially the sum of 
squares of residuals for a 2 x6 classification, and would be 
similar to (7). Ta·bles similar to (IS) can be set up for the other 
two types of first order interactions. 

lf the effects of the three classifications are additive, that is, 
interactions non-existent, one can then test for the significance 
of any one of the main effects, for example, those due to the Y' s 
by the following table, 
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Main effect (y) 

(16) Error .. , ......... . 

TotaI. ......... . 

Degrees oI Freedom 

2 

N-5 

N-3 

. 149 

Sums of Squares 

A-B 

R (Il , rx, , ~s , Yt) = B 

R (Il , rx, , ~s) = A 

Although the example which we have considered in' a triple 
classification is only the 2 X 2 X 3 case, the method readily ex
tends to the m X n X p case. There would be m rx' s , n W s , and 
p Y's so that ~ rx, = ~ ~s = ~ ye = O. Analysis of variance tables 

r s e 
can be constructed from the R's for the various hypotheses which 
arise. For example, the analysis of variance table corresponding 
to (15) would be 

Degrees of Freedom Sums of Squares 

Interaction (rxx~) (m-I) (n-I) A-B 
(17) Errar. .............. N-p-mn+I R(Il,rx~rs,yt )=B 

TotaI. ............ N-m-n-p+2 R(Il,lt.,,~s,yt)=A 

HIGHER ORDER CLASSIFICATIONS. 

The extension of the above procedure to a generaI k-way 
classification is straightforward. Theoretically, there could pos
sibly be interactions of order as high as k - I, but for practical 
purposes, particular1y with few observations, there would be 
little value in cònsidering interactions of order higher than first 
or secondo The determinants entering into each R will each be 
bordered by k raws and columns of O' sand l' s; a row and 
column corresponding to each set of effects. Within such a given 
row (or column) the l'S are placed in the columns (or raws) 
associated with the particular set of effects to which the row (or 
column) corresponds, and O's are placed elsewhere. For exam
pIe, in (7) the last row corresponds to the ~ effects and l'S are 
placed in the columns associated with the [3 effects. A similar 
statement holds for the last column. 

To test for interaction between the IX and [3 effects, say, assum
ing the remaining effects operate additively, we use the z-test 
on the information in the following table, 



Degrees of Freedom Sums of Squares 

Interaction (oex~).. (m - I) (n - I) A - B 

(18) Error. ....... ' ..... N-mn-p- ... -g+k-2 R((.L,oc~<s,yt, ... <.ù.)=B 

Total .......... N-m-n-p- ... -g+k-I R((.L,lXr,~s, ... <.ùz)=A 

where there are m oe's, n Ws ... g <.ù/s and k sets of effects (k-way 
classification) . 

If interaction between the rJ. and ~ effects is non-significant 
we can test for main effects. For example, the anaIysis of variance 
constituents for testing for effects due to the O(./s are as follows, 

Main effect (O(.) ... . 

(19) Error ........... . 

Total ......... . 

Degrees of Freedom 

m-I 

N-m-n-p- .. . -g+k-1 

N -n-p- ... -g+k-2 

ANAL YSIS OF COVARIANCE 

Sums of Squares 

A-B 
R((1., 0(." ~s, ... <.ùz) = B 

R ((1., ~s, ye, ... <.ùz) = A 

Suppose that for each observation x a value of a related 
continuous variate y is known. I t is often important to utilize 
the information furnished by y to eliminate the effect due to y 
and to make more accurate estimates of main effects on x when 
the effect of y is additive. For example, in a pig feeding experi
ment it is important to take account of initial weight in order to 
test from finai weights for effects due to feeding treatments. The 
scheme which we have used for setting up the R 's in determinantal 
form requires very little aIteration to include a continuous variate 
and hence the case of analysis of covariance. Thus, if we had a 
y variate in the 2 X 3 case which operated linear1y, the true mean 
of the i - th observation would now be 

where mi is given by (I). If we let R (p; (.L,O(., , ~s) be the mÌnÌmum 
of the sum of the squares of the residuals ~ (Xi - m/)2 we get 

R (p ; (.L , rf., , ~s) = ~~ 

whereLl1 , is the determinant in the numerator of (7) with another 
row inserted between the fìrst two rows and another column in-



serted between the fìrst two columns ; the elements of the inserted 
rowand column being I: xy, Ly2, N y, 5 1'.,52'.,5.1',5. 2' ,5. 3' , O, O. 
51'.,52.', ••• have thesame meaningfor the y's as the 5 1.,52., ••• 

have for the x's . ~2 is the determinant obtained by deleting the 
frrst row and column of ~1. In the case of several y variates, 
a corresponding number of rows and columns are inserted. 

In the important case in which the true valu·e of the 
regression coefficient p can be assumed the same in all sub-classes 
the problem of testing for interactions and main effects is exactly 
as before, except that we now have to include the extra row and 
column in the determinants, when making the tests. The effect 
of this is to reduce the number of degrees of freedom in each 
R by unity. The case in which p depends on the sub-classes, 
for example, is of a form similar to (r), the problem is straight
forward and can be handled by the method of determinants, but 
we shall not enter into the detaìls here. 

ILLUSTRATIVE EXAMPLE. 

Nice and Fishman [5J reported a study on change in bIood 
viscosity in no~mai and adrenalectomized rats following emotion
al excitement. On each of 24 normal rats they measured the 
viscosity of the blood, at a temperature of 26° C, drawn from the 
heart of the rat in quiet state. The viscosity was also measured 
in bIood drawn after excitement (fear and pain caused by electric 
shocks). The same thing was done on each of r6 rats from 3 
to 5 days after being adrenalectomized. The blood in some cases 
was venous and others arterial, it being impossibie to draw either 
at will. It is clear that there is no orthogonalization at all in this 
experiment. For purposes of illustration we shall examine cer
tain hypotheses. 

We shall let x be the bIo od viscosity in excited state, y the 
viscosity in quiet state. p will refer to the regression coefficient 
of x on y. [J. will refer to the generaI mean, exl, ex2 to arteriai and 
venous blood in excited state, ~1, ~2 to arteriai and venous bIood 
in quiet state, and YI, y~ to being normal and adrenalectomized. 
Each rat is therefore measured on x and y and classifìed three 
ways, according to the ex' s, W sand y' s. Thus, Nice and Fish
man's data may be presented in the following form, from wich 
determinants for the R's for making various tests may be sec up 
and computed: 



Viscosity Viscosity 

I 
1l1ood Ex. State 1l1ood Qu. State I 

'rreabnent 
Ex. State I Qu. State 

I 
81 (A) 82 (V) El (A) E2 (V) 61(Nor.)j 62 (Ad. X Y 

3.90 3. 29 l O l O I O 

5. 25 3.91 l O l O I O 

4·75 4. 64 l O l O l O 

4. 19 3·55 l O l O l O 

5·06 3.67 I O I O I O 

5·55 4. 18 l O I O I O 

5. 02 3·74 I O l O I O 

5. 14 4. 67 I O I O I O 

4. 64 3. 03 O l I O I O 

5. IO 4. 61 O l I O I O 

5. 03 3. 84 O I l O I O 

6.15 4. 20 O I O I I O 

4. 64 3. 81 O l O l 

I 
I O 

5. 81 4. 15 O I O I I O 

5.32 4.40 O I O l I O 

5. 10 4. 68 I O O I l O 

5. 20 4.50 l O O I I O 

5. 0 3 4. 65 I O O I l O 

5. 28 4.36 I O O J l O 

4. 83 4.46 I O O I I O 

5. 18 4.36 I O O l l O 

5. 00 4·53 I O O l l O 

5. 67 4.70 I O O I I O 

5.30 4·33 l O O I I O 

3.76 3·45 I O I O O I 

5. 89 4.26 I O r O O I 

6.65 4.71 

I 

I O I O O [ 

3·35 3. 14 l O I O O I 

4. 07 3·45 I O I O O I 

6.92 5. 01 l O I O O I 

5. 2 5 4·43 I O I O O l 

5·74 4.91 I O 

I 

l O O I 

5.50 4. 22 I O I O O l 

5·35 4. 83 O l l O O r 

4·33 3·55 O I I O O l 

5. 21 3·99 I O O I O I 

4·95 4.40 l O O I O I 

4·93 
I 

4·43 I O O I O I 

6.88 4·35 O I O I O 

I 
I 

5. 26 Il 4. 80 O I O I O I 



Suppose, for example, we wish to test for interaction between 
the 'J..'s and 1"s, that is, between type of blood and treatment 
in excited state. We have, 

Degrees of Freedom Sums of Squares 

Interaction ('J.. X 1') I A-B = 

Error ................... " 36 R (fL , 'J.. 1'tI ) = B == 20.482 

Total ................ . 37 R (fL , OCr , 1't) = A = 2I. I35 

We find z = .069, which is not significant. Therefore, the in
teraction ('J.. X 1') may be regarded as non-existent. As a matter 
of fact, no significant variation of viscosity in excited state can 
be ascribed to the oc's and 1"s, as the following table shows, in 
which z has the non-significant value .I09, 

Degrees of Freedom Sums of Squares 

A-B = I.373 
R (fL. oc 1're) = B = 20.482 

Between Classes 

Within classes ............ . 

Total ................ . 

3 

36 

39 R (fL) = A = 2I.855 

We may now test for main effects due to the 1"s, that is, treat
ments. For this analisis, we have, 

Degrees af Freedom Sums of Squares 

Main effect (1') 2 

Error ..... ................ 36 

Total ... ........ ....... 38 

A-B = 

R (fL , 'J.., , 1'e) = B = 21. I35 

R (fL, IXr)= A = 21.422 

Z = .678, which is not significant. Thus, the evidence will not 
support a conclusion of different main effects on blood viscosity 
in excited state due to treatments. 

N ow, suppose we make use of the information contained in 
y and, as far as possible, eliminate the variation due to y. We 
assume the regression of x on y to be the same for alI sub-classes 
and the possible effects due to the (x' s, W sand 1" sto be additive. 
The constituents for the analysis of variance are, 

Degrees of Freedom Sums of Squares 

Treatment (1') ............. I A-B = .050 

Error . . . . . . . . . . . . . . . . . . . .. 35 R (p ; (J. , OCr , ~s , re) = B = II 223 

Total ............... " 36 R (p; fL, OC" ~s) = A = II. 273 



The mam effects due to treatments after elìmìnating effects 
due to y, the (x' s and ~'s, are clearly non-significant. In fact 
z = .931. 

In a sìmlÌar way varìous other hypotheses can be tested by 
usmg the R's, expressible as ratios of determinants. 

SUMMARY 

By making use of variates which can be eìther o or I, the 
problem of analyzìng varìance and covarìance in multiply-class
ified non-orthogonal data is reduced to a procedure of evaluating 
ratios of determinants. 

The applìcation of the method to the problem of testing 
certain hypotheses is illustrated by a numerical example. 
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ARTHUR OLLIVIER 

On the analysis of variation in generaI death rates 

Comparison of the generaI death rates of two or more popu-
ations is usually made by studying the crude rates or by means of 

corrected death rates set up by the use of some form of standard . 
population. Yule (I) has Iisted three methods of making such' 
corrections and has discussed the advantages of each procedure. 

The problem cannot be regarded as completely solved as soon 
as such corrections and comparisons have been made, for small 
variations in generaI death rates do not necessariIy mean different 
generaI mortaIity conditions nor does the agreement of generai 
death rates impIy that the populations are subject to exactly 
the same mean probabilities of death. For exampIe, five Iowa 
counties whose genera~ death rates for ig25 were exactly the 
same, 9.2 per thousand, had death rates in 1926 which varied 
-from 8.3 to IO.3 per thousand. Since neither the inhabitants 
nor the living conditions in these Iowa counties changed materially 
from 1925 to 1926, it does not seem reasonabie to suppose them 
subject to the same probability of death in one year and to different 
probabilities in the following year. Many other similar illustrations 
can be given. What seems to be needed further is some criterion 
by which to judge the statisticai significance of such vatiations 
in generaI death rates. 

Pearson and Tocher (2) have studied severai such criteria when 

1) YULE, G. U. On some points relating to vital statistics. J. R. S. S., 
v. 97 (1934) Part I, pp. 1-84 - s. also C. GIN!, Quelques considérations 
au sujet de la construction des nombres indices des pri;ç et des questions ana
logues. «Metron ». 'val. IV, n. 1, 1924. 

2) PEARSON, KARL and TOCHER, J. F. On criteria far the existence of 
difJerential death rates. Biom. v. II, (1915), pp. 159-184. 



two populations only were b~ing considered. Unfortunately, 
neither of the criteria considered by them to be best suited to 
making such tests seems capable of being used tò compare more 
than two populations at one time, and while a complete analysis 
may finally demand the comparison of death rates two at a time, 
the beginnings of such an analysis may wèll be made by comparing 
a much larger number. -

The problem to be considered in this paper may be stated as 
follows: Given the generaI death rates of several populations, 
is it possible to set up a criterion to test whether or not they are 
alike with respect to generaI mortaIity, where we mean by this 
last phrase, whether or not the variations in generaI death rates 
which occur could reasonably be accounted for on the hypothesis 
of chance fluctuations from the same basic mean probability of 
death? Furthermore, when a set of populations is encountered 
which appear to be unlike with respect to generaI mortality, is 
:t possible to make sueh an analysis of the characteristics of the 
several populations as will indicate the probable reasons for the 
unlikeness ? 

The paper is divided into 1:hree seetions. The first is devoted 
to the development af several theorems relating to the distribution 
of the number of deaths that would oecur if the several populations 
under consideration were samples drawn from a composite universe 
by either the method of unrestricted or the method of stra tifi ed 
random sampling. These theorems are regarded as essential 
to the later development of test criteria to be applied to the prob
lems stated above .. The second section considers the use of a 
modified form of the squared Lexis ratio as a criterion for testing 
the statistical significance of variations in generaI death rates, 
while the third section consists of an application of the theory 
of the paper. 

Section L In applying the criteria to be developed in the 
next section it will frequently be advantageous to consider what 
would have happened if the several populations whose death 
rates are being studied had been random samples drawn from 
the same .infinite population or universe. Since, however, the 
huma-n 'populations under consideration are composed of various 
groups, such as age groups, which differ widely from one another 
with respect to the relative frequency with which death occurs 
within a given time interval, it seems appropriate h> suppose 



that the universe fromwhich theyare supposedly drawn is similarly 
« stratified » (I). 

In drawing a sample of s individuals at random from such a 
stratified universe, either one of two procedures may be folIowed. 
First, individuals may be drawn at random from the universe as 
a whole, leaving entirely to chance the stratum from which any 
individuaI selected may be drawn. Second, a fixed mimber of 
individuals, Si, may be drawn from the i-th stratum, where i ranges 
over ali strata in the universe, and so that the sum of alI Si shall 
equal the sample number, s. The first method wilI be called the 
method of unrestricted random sampling and the second the 
m.ethod of stratified random sampling. It seems likely that 
neither the mean (expected) number of deaths, nor the vari ance 
in the number of deaths of repeated samples will be the same for 
the two methods of sampling. 

Now let Pi denote the probability that death will occur to an 
individuaI in the i-th stratum of the universe within a given time 
interval. Consider the folIowing question: What is the expected 
number of deaths, variance in the number of deaths, and distribu
tion of the number of deaths, for repeated samples of S drawn 
by each of the two methods mentioned above? For the method 
of stratified random sampling the answer is contained in Theorem 
I and its corollaries, given below. 

Theorem 1. The probability that specified numbers of 
deaths wiU occur within a given time interval in an exposure of S 

lives, when Si of them are drawn from the i-th stratum, i=I,2, ..... 
. . . , n, and Y; Si = S, is given by the terms of the expansion of 

i=n s. 

(I) li (Pi + qi) " where qi = I -Pi. 
i",1 

Proof: Consider a single term of the expansion of (I). It 
can be written as 

(2) P 1 • P 2 • P 3 •.. Pnl where P i has the form 

(S .) I r. 8 - r 
P " p" i= q 

(r;) ! (Si - rt)! i i 

(I) This terminology seems to have been first used by A. L. Bowley. 
Cf. NEYMAN, J. On two ditJerent asj>ects 01 tlte representative method. 
J. R. S. S., v. 97, (1934), Parto IV, pp. 558 ff. 



But (3) is the probability that among an exposure of Si li ves, 
all from the ì-th stratum, there will occur exactly Y, deaths within 
the specified time interval. Since the values of P, and Pj, (ictj), are 
independent in the probabiIity sense, the product, (2), gives the 
probability that in an exposure of S lives, drawn as specified, there 
will occur exact1y ~ Yi deaths within the given time interval, 
exactly Yi of the deaths occurring among the Si lives exposed from 
the i-th stratum. But the complete expansion of (I) is composed 
of all terms similar to (2) which may be obtained by varying Yi 

from zero to s" and may therefore be considered as the probability 
function. 

Corollary I. The expected number of deaths among a total 
of S exposed lives drawn as in Theorem I is E (D) = ~ Si pio 

Corollary 2. The variance in the number of deaths for 
repeated samples bf S exposed lives drawn as in Theorem I is V = 
= ~ Si Pi qi. Variance is here understood to mean the expected 
value of the square of the deviation from the expected value. 

Corollaries I and 2 follow directly from Theorem I, for if 
the number of deaths, in the case .of Corollary I, or the square 
of the deviation from the expected number of deaths in the case 
of Corollary 2, be multipli ed by the corresponding probability, 
given by the proper term of (I), and the whole summed for all 
possible samples which can arise from (I), the results will be those 
stated above. 

It may now be noticed that stratified random sampling, as 
here defined, yields terms which may be described as a generalized 
Poisson series, for if each Si = I we have in Theorem I and its 
corollaries exact1y the results of the Poisson series. 

For the case of unrestricted random sampling we have : 
Theorem 2. The probability that specified numbers of 

deaths will occur within a given time interval among a total of S 

exposed lives drawn unrestrictedIy at random from a stratified 
universe is given by the terms of the expansion of (P + Q)', 
where P = ~ Pi Pi, P i designates the probability of drawing an 
individuaI from the ì-th stratum in a single trial, and Q = I-P. 

Proof : The proof of Theorem II depends upon the following 
lemma which is assumed. 

Lemma. The probability of securing exactly Si individuals 
from the i - th stratum U = I , 2, ... , n) in a total of S drawings 
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from a stratified universe is given by the appropriate ternl of the 
expansion of 

where Pi has the meaning g:ven in the statement of Theorem 2. 

Taking up the proof of Theorem 2, we not~ that (4) can be 
written in the form 

(5) 
S! \ '.) '" 

~s ( ) I ( )' () 1 P P - . . . p 
SI' S2 .... Sn· 1 2 n 

where the symbol Ls designates summation over all possible 
partitions of S into numbers Si, which are positive integers or 
zero. 

N ow by Theorem I the probability that certain num bers of 
deaths will occur in repeated samples with assigned numbers, Si, 

from the i - th stratum is given by the appropriate terms of (I). 
Moreover, the probability of securing a sample with such assigned 
numbers when the drawing is unrestrictedly at random is given 
by the appropriate term of (5). Since the probabili ti es given by 
these two formulas are independent of one another) the product 
of a term of (I) by a term of (5) gives the probability that there 
will occur the compound event consisting of first drawing a sample 
of S wlth the specified numbers, Si, of individuals from thei - th 
stratum and second, of finding a specified number, ri, of deaths 
occurring within the given time interval among the S, individuals 
in the i - th stratum of the sample. Since the expression 

(s)1 a a (s)I' s-, 
Ls -( -) ,_(o ~~-)' p ~ ... p "2. ( )' (1' ) 1 P 1 q 1 1 2.'2 ... 

SI· .. · S": 1 ,,'l rl, Sl- rl' II 
(6) 

~ (Sn) ! pYn sn-"n 
... ~ ( ) 1 ( )' q f n rn . Sn-Ya. n n 

consists of all possible terms which can ar;se from products of 
terms of (I) and (5), it may be regarded as the probability func
tion for the distribution oE the number of deaths under the con
ditions specified in the theorem. 

To simplify (6), we note that it can be written in the form 

~ " ,,~ _____ (~t! ___ p\ pS" (SI)! p'l q'l-'! 
(7) "-s ""' ... ~r ( )' (I .. . () 1 (, ) , '1 n SI .... S,,). 1 n r1,· Sl-- r1' 1 1 

(S)' " a-r 
. .. '( n . ) , p n q n Il 

rn · Sn-Yn· " n 
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by the process of writing the .product of the several summations 
in (6) in expanded formo Now in (7) we may d~vide the (Si) ! which 
appears in ~ numerator by that which appears in a denominator 
and make other fairly obvious changes that enable us to write 
the result as 

S -t' 8 -f 

(P1 ql) 1 1 ... (P .. q .. )" n, 

the number of terms in (8) remaining the same as in (7). 
The expression in (8) to the right of the summation signs is 

one of the terms of the expansion ofthe multinomial 

and since the summations in (8) extend over all integraI values of 
r, from zero to Si and the first summation is aver aH partitions 
of S, it follows that (8) contains aH the terms of the complete 
expansion of (9). 

If now we put ~ P i Pi = P, it follows that ~ Pi qi = 1-

- p = Q, and we can write (9) in the simple form 

(IO) (P + Q)S 

which demonstrates the theorem. 
Corollary 1. The expected number of deaths in an unre

stricted random sample of S drawn from a stratified population is 
E (D)u = S ~ Pi Pio 

Corollary 2. The variance of repeated samples of s drawn 
from a stratified population by the method of unrestricted ra.ndom 
sampling is given by V = S P (I - P), where P is defined above 
and by the variance we mean the same as in Corollary 2, The
ore m I. 

Both of these corollari es follow direct1y from Theorem 2. 

They may, however, be proved independent1y of that theorem by 
a direct application of the kind of argument already used. 

It may now be stated that in drawing unrestricted random 
samples of individuals from a stratified universe the number of 
deaths occurring in the samples will tend to be distributed accord
ing to a simple BernouHi series if we disregard the strata from 
which the deaths occur. It should be noted that P i may or may 
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not be proportional to the number oi individuals in the i - th 
stratum of the universe and that the theorems proved above will 
hold in either case. I t may also be pointed out that while the 
language in which the theorems above are stated implies that 
we are chiefly interested in the distribution of numbers of deaths, 
the results given by these theorems apply equally well to 'other 
sampling problems which satisfy the conditions imposed. 

Section 2. The statistical measure which seems best suited 
to the consideration oi the significance of the variation of severa! 
death rates simultaneously is the Lexis ratio. 

The Lexis ratio is usually defined as follows (I) : Given n 
setsof observations with s individuals in each set, let Xi be the 
relative frequency of success in the i - th set. On the hypothesis 
that the n sets consti tute a Bernoulli distribution, the standard 
deviation of relative frequencies is (P q/S)I/2 where P is the pro
bability of success in a single trial. The Lexis ratio is then 
defined to be 

(II) L = [1/n ~ (Xi - P)2]1/2 = s [1/n ~ (Xi - P)2]1/2 

(P qjs) 1/2 (s P q) 1/2 

Two modifications of (II) are usually made in practice. First, 
p is general1y not known and is taken as the arithmetic mean, 
weighted or unweighted, of the relative frequencies recorded in 
the n sets. Secondly, in the analysis of social or economie data, 
it is seldom that the sets of observations contain the same number 
of individuals. This variation is usual1y neglected, the expression 
spq being computed from a value of s which is the arithmetic 
mean of the varying number of individuals in the sets. A slightly 
modified definition of L makes it unnecessary to neglect this 
variation and at the same time will give a result more suited to 
the consideration of our problem. 

Suppose then we have n sets of observations drawn in some 
manner from a stratified universe. Let Sii represent the number 
of individuals in the i - th set that belong to the i -th stratum. 
Let di be the observed number of successes which occur in the 
i - th set. Then if each set be supposed to have arÌsen by unres
tricted random sampling from the same stratified universe in 
such a manner that the mean probability of drawing a success 

(I) RIETZ, H. L., Mathematical Statistics (Carus MonograPh 3). See 
page 152. 

Il 
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in any one triai is P, we have from the coroilaries to iheotem 2 

that Si P and Si P Q are the expected number of successes and 
the variance in the number of successes respectively for repeated 
samp1es oi' "'i. Take 

(12) 

and 1et 

(13) 

di -Si P 
li = (Si P Q) 1/2 ' where Si = ~i Sii 

It may be nated that V l is the analogue of the square of the Lexis 
ratio defined above. 

On the other hand, if each of the n sets be supposed to have 
arisen by stratified random samp1ing, we have by the corollaries 
to Theorem I that. ~; Si; p; and ~; S" Pi qi are the expected number 
of successes and the variance in the number of successes respecti
vely for repeated samplès of the i - th set. Now,take 

(14) 
l _ d - ~i Sii Pi 
, - (~i Sii Pi qi) 1/2 ' 

and 

(15) 

Again we may state that L22 is the analogue of the squared Lexis 
ratio. 

It seems fair1y obvious that ìf the n sets did actual1y arise 
as urirestricted random samples, n a large number, then L2J wilI 
not differ greatly from unity, and if they arose as stratified ran
dom samples then L22 will be approximately one. What we need 
further to make these measures avai1ab1e as tests of the respect
ive hypotheses is the variance and distribution of L21 and L22 for 
repeated samples of n sets. While we do not know the exact 
distribution of either of these two measures the following con
siderations yield a useful approximation. 

It has been shown in Theorems I and 2 that for repeated 
samples of Si, the number of successes is distributed according to 
(P + Q)8; for the case. of unrestricted random sampling and ac
cording to II; (Pi + qi)8i ; for the case of stra tifi ed random sampling. 
I t seems reasonable to assume that the distribution of relative 
frequencies in such composite populations as are represented by 
the terms of the expansions of these two expressions are nearly 
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enough norma!, as indìcated by the classical theorem of Pois
son (I), to justify the use of the Helmert formula (2) for the 
distribution of variance of the deviations from the population 
mean in the numerical applications which follow. Ma:king this 
assumption the problem of finding the distribution of VI and V 2 

becomes merg€d into the single problem of finding the distribution 
of 

(r6) w 

in samples of n, where the variate x is subject to the normal law 

(17) 
I (x-M)2 

I (x) = -= e-2"a2 
aV 21C 

The distribution of w, or of functions similar to w, is well 
known and has been found by several writers. As has already 
been noted, Helmert is probably entitled to credit for being the 
first writer to find the distribution of this function. A detailed 
account of his work is given by Czuber (3). Student (4), Fisher 
(5), Pearson (6), and Romanovsky (7) have also studied the 
distribution of w and similar functions. Because of this well 
known character of the distribution no proof will be presented 
here. However, we note that 

(18) 
I F (w) d w = (n/z)nf2 w (n-2)j2 e- nwj2 d w r (n/z) , 

gives to within infinitesimals of higher order the probability that 
w will lie between w and w + d w. 

At this point it should be noted that in computing the Lexis 
ratio from observed data we do not usually know the probability 

(I) cf. CZUBER, E. Wahrscheinlichkeitsrechnung, Erster Teil, (1914), 
pp. 120-140 and 173-180. 

(2) Helmert, Astron. Nach., Band 88, No. 2096-97; also ibid. 
Band 85, No. 2039. cf. Czuber, E., Beobachtungsfehler, pp. 147 :II. 

(3) CZUBER, E. Beobaehtungslehler, pp. 147 :II. 
(4) STUDENT, The probable error 01 the mean, Biom. v. 6, (1908-09), 

pp. 1-2 5. 
(5) FISHER, R. A. Frequency distribution 01 the correlation coeffieient. 

Biom., v. lO, (1915), pp. 507-52t. 
(6) PEARSON, KARL, Biom., v. IO, (1915), pp. 522-529. 
(7) ROMANOVSKY, V., On the moments 01 standard deviations and eor

relation coefticients. «Metron », v. 5 (1926), No. IV, pp. 3-45. 



164 

of success in a single trial. We therefore generally accept the 
relative frequency of success in the totaI number of trials in the 
n sets of observations as an approximation to the probability, P. 
and are tlÌerefore dealing not with true errors, but with apparent 
errors, which are sometimes called « residuaIs)) in English, or 
« erreurs apparentes)) in French and « scheinbaren Fehler)) in 
German. Helmert (r) has likewise given the distribution func
tion of a sum of squares of such residuals where the originaI de
viations follow the normal law. If we define 

(r9) 
. r/{n-r) :E (Xi-X)2 

Wl = (j2 

where x is the sampie mean, then Wi can be shown to be distributed 
exact1y as is W, with the sole exception that in (r8) n must be 
replaced by n- r . 

It should be further noted that in (r9) we have used the 
pòpulation variance for the denominator while in practice this 
must also be estimated from the data at hand. Strictly speaking, 
therefore, the distribution in which we are interested will not 
follow that of W or Wl' but will be more like that of Student's z 
or Fisher's t function. However, in the applications we wish to 
make of the distribution function of V, the number of items upon 
which the relative frequency oi deaths, p' , is based is so Iarge 
that we may assume that SP' q' relates to an infinite supply wi
thout making any material error. Then the problem oi the di
stribution af V is that af the distributian of the mean value of 
independent squ?-res ofresiduals expressed in units of the popu
lation variance. Hence, we write L21 = W and also L22 = W and 
accept (r8) as giving a suitable approximation to the distribution 
òf both these measures with the condition that n be replaced by 
n-I when an estimated probability is used instead of a true pra
bability (2). 

If now the transformation 

(20) t = V 2/n n (W - r)/2 ,rx/2 = V 2/n 

be made m (r8), the result will be 

(I) cf. CZUBER, E., Ioe. cito 
(2) R. A. Fisher has stated that the squared Lexis ratio is distributed 

as in Chi-square. Sec Statistical Methods far Research Workers. Fourth 
Edition, p. 82. lt is possible that he reaehed that eonclusion by reasoning 
similar to what has just been given. 
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(21) 

which is exact1y the form of the Pearson Type III curve tabulated 
by L. R. Salvosa (r). By making use of this simple tra.sforma
tion it is possible to employ the tables given by him to test the 
significance of the deviation of w, and hence of L21 and V 2 

away from its expected value of unity. 
In alI that has been don e thus far in this section it has been 

assumed that composite populations such as those with which we 
are dealing are approximately normal. In order to throw some 
light on the size of the samples involved in our thinking, the 
value required to make almost sure a prescribed degree of approach 
of a normallaw to a simple binomial population may be approxima
ted as follows, if we accept the deviations of ~l> from zero and 
of ~2 from three as measuring the departure of the binomial from 
the normal. For the binomial distribution we have that 

(22) ~l = I - 4 P q , ~2 = 3 + _I ___ ~ 
spq spq s 

Suppose we wish to have ~l < kI, I ~2 - 31 < k 2 where k 1 and kz 
are previously chosen positive constants. Then we must satisfy 
the two conditions 

From these 

k1 ..> ----- 1?0::> _ r -- 4 P q I I - 6 p ql' 
= s p q ,,,= s p q " 

inequalities, we obtain 

s::>r-4Pq s::>\r-6pql 
= k l P q '= k2 P q 

respectively, and if we choose the,greater of these two values of 
s obviously both conditions will be satisfied (2). 

Before going on to section three, an example of the use of 
w will be given. The following data, Table I, represent a coin 

(I) SALvaSA, L. R. Tables 01 Pearson's Type III Function, Annals 
01 Math. Stat., v. I (1930), pp. 191-98 and appendix. 

(2) As an illustratian af the above applied to death rates, suppose 
p = .01, q = .99 and that we wish to have k 1 = k 2 = .or. Solving for 
s gives us s L 9700 and s > 9940. Clearly if s > 10000, the required 
degree of approximatian will be attained. This is about the size af the 
populations used in the third sectian. 
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tossing experiment in which seven coins were tossed a total of 
128 times. The probabiIity of obtaining a head in any one toss 
of a single coin is assumed to be one-haH. 

TABLE I 

Number of heads ....... o 2 3 4 5 6 7 L2 X2 

Theoretical Frequency .. 7 21 35 35 21 7 I 

Observed, Sample l o 6 17 36 42 18 9 o .857 3. 244 
Observed, Sample 2 ... o IO 25 34 28 24 7 o 1.036 ~ .244 
Observed, Sample 3 .... o IO 2.'i 30 30 24 9 o 1.271 3. 244 

Sample I gives the frèquency of an actual tossing experiment, 
samples 2 and 3 are arbitrarily chosen frequencies which might 
have arisen from such an experiment and are used to illustrate 
a point to be made a Ettle later. N ow using p = q = Yz" we 
obtain w = V -: .857 for sample I. This is then a case of sub
normal dispersion although we know that it should actually re
present a sample from a Bernoulli population. Transforming from 
w to t by means of formulas (20) we fìnd t = -I.14, OC/2 = .125. 
Entering Salvosa's Tables with these values, we fìnd the proba
bility of securing a value of t less than or equal to that actually 
found to be P = .128. That is, about once in eight times we 
would expect to fìnd, as a random sampling fiuctuation, sub
normal dispersion as great or greater than that found in this sample. 

That the Chi-square test do es not give exactly the same in
formation about a sample as does the squared Lexis ratio w, is 
shown by considering the data for all three samples in Table r. 
If we follow the practice of grouping the two end classes at each 
end of these samples into a single class, we will get the same 
value of Chi-square for each of these samples, namely, X 2 = 3.244. 
Hence, judged by this test, each of the three samples is an equally 
good approximation to the theoretical distribution. However, 
the squared Lexis ratio differs widely in the three cases, for 
it is .857 in sample I, I.036 in sample 2 and I.271 in sample 3. 
Sample 2 has almost normal dispersion while sample 3 has deci
dedly super-normal dispersion. The probability of fìnding a 
value of U equal to or greater than that actually found is P = .379 
for sample 2 and P = .018 for sample 3. Judged by this test, 
.it appears that sample 2 is much more likely to appear as a ran
dom sampling fiuctuation that either samples I or 3. 

It should be noted here that the two tests, X2 and w, are not 
antagonistic nor do they contradict one another. They do not 
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give the same resu1ts when applied to a sample because they 
measure different characteristics of the sample. One, X 2

, mea
sures the departure of the sample frequency away from the theore
ticai frequency. The other measures the departure from the 
expected value of the variance or dispersion of the sample. It 
ought to be added that the X 2 test can probabIy be used for a 
wider variety of purposes than the Lexis ratio. Thè latter, 
however, seems better suited to our present purpose. 

Section 3. We will consider now the application of the 
above theory to the analysis of the generaI death rates of the 
ruraÌ population of the state of Iowa, United States of America. 
Data (1') for the years 1923 to 1929 inclusive are used. This 
selection of da:ta was made because it was believed from a priori 
considerations that the mrai parts of the popuiation of Iowa 
would show many characteristics of homogeneity which would 
be absent in other data, especialIy if data for both rurai and 
urban districts were included. There is a totai of ninety-nine 
counties in Iowa with an average mrai population of about 18000, 

the inhabitants of alI cities of ten thousand or over being not 
included. Data from but ninety-five counties were used; four 
counties were excluded because they contain state institutions 
such as hospitals for the insane, the deaths of the inmates of 
which are not separateIy reported. Consequently, the generaI 
death rates of these counties were excluded because we did not 
know how to make a cotrection for this factor. 

Before applying the methods of the preceding section the 
remaining ninety-five counties were grouped into nine geogra
phical districts; each district consists of ten or eleven counties 
and represents approximately one ninth of the state's area and 
popuiation. These districts were numbered consecutively from 
south-east to north-west ; Districts I, II and III form the eastern 
third of the state from south to north ; Districts IV, V and VI 
run from south io north in the centraI third of the state; while 
Districts VII, VIII and IX in like manner form the western third 
of the state. 

(I) These data cannot be reproduced here. They may be found in 
the various publications of the Bureau of the u. S. Census, Washington, 
D. c.. See especially the annuai « Mortality Statistics l), the « Birth, Still
Birth and Infant Mortality Statistics,) and the « Popuiation Reports for 
the I5-th GeneraI Census,) (1930). 
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In Table II we have the data for these nine districts arranged 
to test the hypothesis that the generaI mortality rates of these 
districts differ fromeach other by' no greater amount than can 
reasonably"be account ed for by random sampling fiuduations. 
The « probability» of death upon which the theoreticai number 
of deaths is computed for each district is the mean generaI mor
tality rate for alI nine districts. Population estimates are taken 
from the Census of 1930 and the observed number of deaths is 
for 1929. 

The final column of Tabie II is computed from formula (12). 

TABLE II 

Observed Theo· 
retical Diffe· Difference Z2 District ,Population Numberof Number spq 

Deaths rence Squared 
, 

of Deaths 

I 139341 1542 1320 222 49284 13°8 37. 68 

II 2II751 2164 2007 157 24649 1988 12·4° 

III 197°39 1925 1867 58 3364 1850 1.82 

IV 189561 1981 1796 185 34225 1779 19. 23 

V 2467°3 2145 2338 -193 37249 2316 16.09 

VI 18°739 1569 1713 -144 2°736 1697 12.22 

VIII 169361 1715 1605 IlO 12100 1590 7. 61 

VII . . 209683 1839 Ig87 -148 21904 1968 11.13 

IX . 16°387 1273 1520 -247 61009 15°5 4°.52 

TOTALS 17°4565 16153 16153 o 158 .7° 

Its total, 158.70, divided by eight, gives the value of L21 to be 
19.84. Transforming this by means of formulas (20), we get the 
necessary entries to Salvosa's Tables to be t = 37.68, rJ.j2 = .5. 
This value of t is beyond the range of the tables, hence we con
clude that it is highly unlikely that the generaI death rates of 
these nine districts differ by no more than random sampling 
fiuduations (I). 

(I) The same conc1usion is reached if we consider each of the ninety 
five counties alone as a district instead of grouping them as above. The 
data cannot be given here but the results are: OC/2 = .146, t = 19· 14, 
which value of t is also beyond the range of the tables. 
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An interesting observation about the geographical distribu
tion of death rates over the state may be made from Table II. 
It can be seen there that the districts having negative differences 
between actual and theoretical death rates are in the north and 
north-western part of the state, while those whose observed num
ber of deaths exceed the theoretical number are in the south and 
south-east. This fact suggests that there may be a sy'stematic 
variation in generaI death rates across the state from south-east 
to north-west, due perhaps to some characteristic of the popula
tion which Iikewise varies in this manner. 

As a partiai check on the theory suggested in the sentence 
above, the correlation coefficients between the generaI death rates 
for successive years and Iike-wise between the birth and death 
rates for the same year were computed and are given in Tabie III. 
These coefficients are too small to be of any particular value for 
prediction purposes but they are Iarge enough when compared to 
their probable errors to be considered significant. The negative 
character of the correiation between birth and death rates sug
gests that age distribution may be the characteristic differentiat-

TABLE III 

Conelation coefficients 101' the rural parts 01 95 lowa counties 

Between death rates for Between birth and death rates 
successive years. for the same year. 

Years r Year r 

1923-24 .63 ± .04 1924 -.26 ± .07 
1924-25 .58 ± ·°5 1925 -.33 ± .06 
1925-26 .41 ± .06 1926 -.38 ± .06 
1926-27 .64 ± .04 1927 -.25 ± .07 
1927-28 .50 ± ·°5 1928 -.15±·07 
1928-29 .5 2 ± ·°5 1929 -.48 ± ·°5 

ing these populations since a high death rate and a Iow birth 
rate usually accompanys an aged population with the opposite 
true for a young popuiation. 

The data of Tabie IV are arranged to test the hypothesis 
that the generaI mortality of the nine districts considered before 

. differs significantly because the districts differ significant1y with 
respect to the age distribution of their inhabitants. To test this 
hypothesis, we recognize that the popuiation of each district is 
composed of individuais who fall into different age strata and 



that the proportional numbers of persons in eaeh age stratum 
varies from distriet to distriet. After eorrecting the number of 
deaths expp'rted to oceur in eaeh distriet for this age stratifieation, 
we inquire whether or not the remaining variation in generaI 
death rates between districts can reasonabIy be accounted for 
by the hypothesis of chance fluctuation. 

To make the eorreetion mentioned above, a specifie probability 
of death, p;, is eomputed from the data at hand for each age 
stratum into which the populations are divided in such a manner 
that the number of deaths expected in the state is the same as 
the observed number. The number of deaths expected in the 
i-th district is then E (Di) = 1:; Si; Pi , where Si; is the number of 
persons in the j-th stratum of the i-th district. In eomputing 
Pi for Table IV age strata data for the several counties were taken 
from the rs-th GeneraI Census (r930), while the deaths within 
each stratum were for r929 (r). 

TABI,E IV 

Observed Expected Difference sV/j qj l~ District Number af Number ai Difference squared 
Deaths Deatbs • 

I I 

l I 
I 1,)42 15°0 I 42 1764 1424 1. 24 

I 
II 2164 2061 103 10609 1786 5·94 

III 1925 1944 --19 361 1851 .20 

IV 1981 1961 20 400 1794 .22 

V 2145 2250 - 105 II025 2062 5·35 

VI 1569 1606 -37 1369 1476 ·93 

VII 1715 1638 77 5929 1769 3.30 

VIII ., 1839 1837 2 4 1689 .00 

IX '. 1273 1356 -83 <;>889 1294 5.32 

TOTAÌ5 16153 16153 I 22.50 

(1) It shouId be mentioned here that the age strata which we were 
compelled to use, since no other was available, are not very favorable to 
our analysis especially since alI persons over seventy-five years of age were 
grouped into one stratum. No correction could be made, therefore, for 
variations among the districts within this age stratum, although it was 
knows that such variation existed and did materiaJly àtIect the number 
of deaths which occurred. 
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The last colum of Table IV was computed from formula (14). 
The total of this column, 22.50, divided by eight, gives us the value 
of w = V 2 = 2.81. Transforming this by (20), we have 1:1./2 = 1/2, 

t = 3.62. Referring to Salvosa's Tables with these entries we 
find the probability of securing a value of t equal to or greater 
than this by chance to be P = .002. The odds are strongly against 
the hypothesis that all variation except that due to chance fiuc
tuation, is due to the age stratificàtion of the population of the 
several districts. However, the decrease in these odds from those 
of Table II is considerable and we feel justified in conduding 
that the variation is due at least in part to age distribution (19). 

Finally, we note that, in the analysis of data like those we 
have been considering, if there are k distinct quantitative factors, 
Fl> ..... F k , (such as age strata) each of whìch has an effect 
upon the relative frequency of death, then it is possible to think 
of the universe from which the separate populations are presu
mably drawn as being stratified on the basis of each such factor. 
The universe would thus be distributed into cells, so that each 
individuaI in a given cell could be said to fall, on the basis of factor 
Fi, within the limits Fi to Fi + d Fi. Now if it be possible to 
assign to each such celI a definite relative frequency (or « proba
ability JJ) of death, then it will be possible to consider the effect 
of stratification on the basis of one factor alone or on the basis 
of any combination of such factors by adding together the fre
quencies in the cells and by determining the mean probabilities of 
death for such sums. The analysis necessary for the consideration 
of stratification on the basis of several factors does not differ from 
that already considered for one factor, since the only change that 
needs to be made is to provide for a larger number of strata. 
Theoretically, therefore, it will be possible to consider the effect 
of stratification successively on the basis of more and more factors, 
until all variation except that which may reasonably be due to 
chance fiuctuation has been eliminated. Thus it would be'possible 
to state that a group of populations differs with respect to generaI 
death rates of its members because they differ by more than can 
reasonably be ascribed to chance with respect to certain of the 

19) Application of the above methods to the data when the counties 
are not grouped into districts gives rx/2 = .146, t = 5.48, This value 
oi t should be compared with that of note (17). 



fadars, Fl' Practically, it will nearly always be impassible to 
carry out such an analysis, fìrst, because adequate data for consi
dering the t>ffect af stratifìcation on any other basis than age usually 
does not exist, and second, because it is probably true that many 
of the factors affecting the relative frequency af death are not 
quantitatively measurable. 

The University oi Iowa, Iowa City, Iowa 



NECROLOGIO 

Harald Ludvi~ Wester~aard 1853-1937. 

La nostra rivista ha perduto quest'anno in H. L. WESTERGAARD 

il decano del suo comitato direttivo, uno dei suoi più venerati collabora
tori. 

Alla famiglia del « Metron» egli apparteneva sin dal 1923 quando il 
suo nome è cominciato a figurare appunto fra i membri del comitato 
direttivo, dal terzo volume. In « Metron» collaborò con il lucido studio 
On Periods in Economie Lile (Volo V, 1-1925), nel quale tenta di ricon
durre ad una estrema semplicità di metodo le ricerche intorno ai movi
menti economici che particolarmente gli americani Moore e Persons pa
reva avessero inutilmente ingombrato con complicate elaborazioni mate
matiche. 

Perchè il WESTERGAARD in tutta la sua attività statistica, pur rive
lando un pieno possesso della matematica, mostra, forse perciò appunto, 
di preferire i più semplici procedimenti aritmetici quando già questi rie
scono a mettere in evidenza i caratteri essenziali del fenomeno studiato; 
ed anche nel dominio della teoria pura non trascura mai l'applicazione e 
l'esempio. 

Tre sono le opere del WESTERGAARD che ancora oggi formano oggetto 
di consultazione: 

Die Lehere von der Mortalitdt und Morbiditdt, pubblicata a Jena nel 
1882 col motto « Observationes et numerandae et perpendendae » (una 
seconda edizione fu fatta nel 1901). 

Die Grundzuge der Theorie der Statistik, pubblicato il Jena nel 1890 
(una seconda edizione tedesca ebbe luogo nel 1928, oltre a tre edizioni in 
danese) ; 

Contributions to the history 01 Statistics, pubblicato a Londra nel 1932. 
In una prima parte dei suoi fondamenti della statistica il W. pone 

a base della metodologia lo schema del calcolo delle probabilità; in una 
seconda tratta delle applicazioni del metodo allo studio della popolazione, 
alla statistica economica, alla tecnica delle assicurazioni; nella terza in
fine traccia le prime linee di una storia della statistica, che poi si sviluppa
rono nel succitato volume Contributions to the history of Statistics. 

Nel trattato sulla mortalità e la morbilità il WESTERGAARD fa ancora 
precedere alle sue indagini antropologico-statistiche un' esposizione teorica 
probabilistica con particolare riguardo all'errore medio, del quale fa anche 
una larga applicazione nel campo demografico. 

Ma il libro che si legge con interesse, ricco di notizie e di nomi, chiaro 
nell'esposizione, è la storia della statistica. In essa il W. parte dalle prime 
opere di Francesco Sansovino e di Giovanni Botero del secolo XVI per 
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arrivare alle ultime decadi del secolo XIX, quando cominciarono ad affer
marsi quei grandi progressi tecnici che facilitarono, più che pel passato, 
la raccolta accurata di vasti materiali statistici ed aprirono la via all'a
nalisi quanHtativa dei fenomeni sociali tanto in onore ai nostri giorni. 

Forse l'opera del WESTERGAARD ci appare un po' troppo fredda, dove 
raramente si ritrova il calore del contributo personale; forse lo si sente 
alquanto assente dai problemi che agitano l'ora presente; egli resta tut
tavia una eminente figura rappresentativa di un periodo glorioso per .la 
nostra disciplina. 

H. L.WESTERGAARD fu professore per oltre otto lustri nell'Univer
sità di Copenhagen, dopo essere stato impiegato nell'Istituto statale da
nese delle assicurazioni sulla vita. Membro di numerose società scientifiche 
ed economiche danesi ed internazionali, apparteneva dal 1902 all'Istituto 
Internazionale di Statistica e nel 1934 alla Sessione di Londra, circondato 
da grande venerazione da parte di tutti i presenti, fu calorosamente salu
ta to da Armando J ulin l'attuale Presidente dell' Istituto. 

Oltre alle opere citate ricorderemo ancora di lui le seguenti: 
La mortalità nelle campagne (in danese, in collaborazione con M. RUBIN) 

del 1886; 
La statistica dei matrimoni (in danese, in collaborazione con M. RUBIN) 

del 1890; 
L'antica economia nazionale e le sue interpretazioni sociologiche (in danese) 

del 1896; 
L'introduzione allo studio dell' Economia N azionale (in danese) del 1897 
L'influenza dell' alcoolismo sulla durata della vita (in danese) del 1910; 
Gli scopi ed i metòdi della statistica (in inglese) del 1916; 
Lo sviluppo economico della Danimarca (in inglese) del 1922; 
Le statistiche demografiche dei paesi scandinavi e delle repubbliche del Bal

tico (in inglese) del 1926. 

G. PIETRA 

PROF. CORRADO GINI, Direttore responsabile. 

Roma -- Tipografia Ippolito Failli. 
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